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We discuss some aspects of the relation between space-time properties of branes in string 
theory, and the gauge theory on their worldvolume, for models invariant under four su- 
percharges in three and four dimensions. We show that a simple set of rules governing 
brane dynamics reproduces many features of gauge theory. We study theories with U{Nc), 
SO{Nc) and Sp{Nc) gauge groups and matter in the fundamental and two index ten- 
sor representations, and use the brane description to establish Seiberg's electric-magnetic 
duality for these models. 
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1. Introduction 



In the past three years there has been remarkable progress in field and string theory. In 
four dimensional field theory with > 1 supersymmetry, a combination of symmetries and 
holomorphicity of certain terms in the low energy quantum effective action was found to 
provide constraints that in many cases are sufficient to completely determine the strongly 
coupled low energy dynamics. These constraints become more powerful as the number 
of supersymmetries increases. Theories with fewer supersymmetries typically have richer 
dynamics, but the handle one has on their dynamics is more limited. 

The organizing principle that seems to emerge is electric-magnetic, strong-weak cou- 
pling duality. = 4 supersymmetric gauge theories are now believed to exhibit an exact 
Montonen-Olive duality [|1|. = 2 supersymmetric theories, as discussed by Seiberg and 
Witten 0], can be solved (in the BPS sector) using duality and supersymmetry. = 1 
supersymmetric gauge theories have the richest dynamics of the three, are the closest to 
phenomenology, and in many cases can be studied at low energies by a generalization of 
Montonen-Olive duality due to Seiberg [P,^. However, while there are many examples of 
A^ = 1 supersymmetric gauge theories that can be analyzed using duality, the situation is 
not as satisfactory as that for theories with A^ > 1 supersymmetry, since there are many 
cases for which the standard techniques appear to be inadequate. A^ = 1 theories that are 
understood, are usually analyzed on a case by case basis with no obvious unified picture. 
There is no general apriori understanding of whether any given model possesses a useful 
dual. 

One of the most interesting recent developments is the realization that many of the 
field theory phenomena mentioned above can be understood by embedding gauge theories 
in string theory and using properties of the latter to study the former. A very useful 
idea has been to use the interplay between the geometry and dynamics of branes, and the 
quantum field theory on their worldvolume 0-0]. In particular, in ^ it was shown that 
applying string duality to a configuration of branes in type IIB string theory provides an 
explanation of a certain "mirror symmetry" in 2+1 dimensional A^ = 4 supersymmetric 
gauge theory discovered in [|T^ (see also [|ll],|12|). 

In a recent paper []T^ it has been proposed that configurations of branes in type II 



string theory preserving four supercharges provide a natural arena for the study of four 
dimensional A^ = 1 supersymmetric gauge dynamics. Seiberg's duality relates theories 
that, in the brane construction, can be connected by a continuous path in the moduli space 
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of vacua, along which the gauge symmetry is completely broken and the infrared dynamics 
is weak. The relation between the electric and magnetic theories in this framework is 
reminiscent of the well known correspondence between two dimensional sigma models on 
Calabi-Yau hypersurfaces in weighted projective spaces and Landau- Ginzburg models with 
= (2, 2) SUSY ||l^ - |l6|| ; the continuous path is analogous to the interpolation between the 
CY and LG descriptions of the theory, both of which are embedded in the larger framework 
of the (non-conformal) gauged linear sigma model [|1^ . 

The purpose of this paper is to further study the dynamics of branes realizing four 
dimensional = 1 supersymmetric field theories on their worldvolume. The strategy is 
to use the interplay between brane dynamics and gauge theory to shed light on both. One 
can use simple gauge theory phenomena to learn about properties of branes, and then use 
these properties to study more complicated gauge theory phenomena using branes. We 
will use these ideas to complete and extend the explanation of Seiberg's duality from string 
theory proposed in and present some related results in three and four dimensional 
gauge theories. As will become clear below, our discussion will touch on only a small 
subset of the many possible questions. A better understanding of the brane-gauge theory 
dictionary is likely to improve both our understanding of the role of branes in string theory 
and of gauge theory dynamics. 

Another approach to studying the dynamics of = 1 supersymmetric four dimen- 
sional gauge theory and in particular Seiberg's duality that has been discussed recently is 
F theory |[T^ - pO[] . It provides a complimentary picture of gauge dynamics by a different 
geometrization of the gauge theory phenomena. Our approach and F theory are related 
by T-duality. It is clearly important to pursue both approaches further to gain insight into 
strongly coupled gauge theory and string theory. 

The plan of this paper is as follows. In sections 2 - 4 we introduce the set of branes 
and orientifolds which we use in subsequent sections to construct different gauge theories. 
We check that these branes preserve = 1 SUSY in four dimensions, and describe some of 
their classical and quantum properties. These properties can be deduced by constructing 
gauge theories out of brane configurations, and requiring that brane dynamics reproduce 
known properties of the gauge theory. This approach to gauge/brane dynamics provides a 
nice geometric realization of the moduli space of vacua in gauge theory, and of the space of 
deformations. In the course of the discussion we often find it convenient to compactify one 
of the four spacetime coordinates on a circle of radius R and study the physics as a function 
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of R. This leads to interesting connections to recent discussions of three dimensional N = 2 
supersymmetric gauge theories. 

In sections 5, 6 we discuss four dimensional = 1 supersymmetric QCD and its com- 
pactification on a circle. We start in section 5 by constructing a configuration of branes 
describing at low energies = 1 supersymmetric Yang-Mills theory with gauge group 
U{Nc) and Nf flavors of quarks in the fundamental representation (we will refer to this 
as the "electric" theory). We describe the classical space of deformations of the model 
(the moduli space of vacua and mass deformations) and discuss the global symmetries and 
their realization in the brane configuration. We also describe a different brane configura- 
tion corresponding to a "magnetic" SQCD theory with gauge group U{Nc), Nf flavors of 
quarks and a gauge singlet "magnetic meson" field which couples to the quarks via a cubic 
superpotential. We show that the Higgs moduli space of the electric theory with Nc colors 
and Nf flavors and that of the magnetic theory with Nf — Nc colors and Nf flavors provide 
different descriptions of a single smooth space - the moduli space of supersymmetric brane 
configurations. This is the string theory origin of the relation between the two theories, 
discovered in gauge theory by Seiberg pT[| . 

In section 6 we turn to quantum effects. Using the results of section 4 we reproduce 
the known quantum global symmetries, moduli spaces and deformations of SQCD with 
different numbers of flavors Nf, in three and four dimensions. We discuss quantum effects 
in the "magnetic" SQCD model of section 5, and complete the proof of Seiberg's duality 
from string theory. 

In section 7 we consider U{Nc) gauge theory with one or two adjoint superflelds with 
polynomial superpotentials, as well as a number of fundamentals. We recover the fleld 
theory results of [^, and study some generalizations of that work. 

In sections 8, 9 we discuss the case of symplectic and orthogonal groups, with matter 
in the fundamental, symmetric and antisymmetric tensor representations. To study such 
theories we introduce, in addition to branes, orientifold hyperplanes. We reproduce many 



of the results obtained in gauge theory in pT| - |27[| as well as some generalizations 



In section 10 we summarize the results and comment on them. An appendix outlines 
the derivation in gauge theory of one of the results we deduce in the text from brane theory. 

2. The cast of characters 

We will be mostly working in type IIA string theory in ten dimensional Minkowski 
space. The theory is non-chiral; denoting by Ql, Qr the space-time supercharges generated 
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by left and right moving worldsheet degrees of freedom we have: 



(2.1) 

R 



Type IIA string theory is actuaUy an eleven dimensional theory. The eleventh dimension, 
x^^, is a circle of radius Riq proportional to the string coupling A. In the M-theory limit, 
A oo, eleven dimensional Lorentz invariance is restored, and the two spinors Qn, Ql in 
combine into a single spinor, the 32 of SO{10, 1). 

We will study three kinds of objects, each of which separately preserves half of the 
SUSY of the theory: 

(a) Neveu-Schwarz (NS), or solitonic, fivebranes, with tension proportional to 1/A^. These 
branes couple magnetically to the NS B^^, field and are thus magnetic duals of fun- 
damental IIA strings. In M-theory the NS fivebrane is interpreted as a "transverse" 
fivebrane, living at a point in the eleventh dimension x^^. At weak string coupling, 
the configuration of an NS fivebrane in flat Minkowski spacetime has been studied 



by Callan, Harvey and Strominger who constructed the appropriate CFT for this 
situation. This CFT is not well understood, especially close to the core of the brane, 
where the dilaton formally blows up and the CFT description is not reliable, even 
when the string coupling far from the fivebrane is weak. The worldvolume field the- 



ory has (2,0) SUSY in six dimensions; the massless spectrum includes ||2^ a self-dual 
Kalb-Ramond field and five scalars parametrizing fluctuations of the fivebrane in the 
five transverse dimensions of M-theory. 
(b) Dirichlet (D) p-branes, with tension proportional to 1/A. In type IIA string theory 
there are branes with p = 0,2,4,6,8, which couple to appropriate p + 1 form gauge 
fields in the Ramond sector. We will be mainly interested in four and six branes, 
although other branes will also play a role, providing non-perturbative corrections to 
the classical dynamics. The D fourbrane corresponds in M-theory to a "longitudinal" 
fivebrane wrapped around x^*^. The D sixbrane can be thought of as a Kaluza-Klein 
monopole. At weak string coupling, D branes are governed by a CFT which has been 
constructed by Green [Q, Polchinski ||3ll], and others |3^], and is rather well under- 



stood. The worldvolume theory on an infinite Dirichlet p-brane is a 1 dimensional 
field theory invariant under sixteen supercharges; the massless spectrum includes a 
p + 1 dimensional U{1) gauge field and 9 — p scalars parametrizing fluctuations of the 
p-brane in the transverse dimensions. For parallel p-branes, both the gauge field 
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and 9 — p scalar s are promoted to N x N matrices [33| giving rise to U{N) gauge 
theory on the worldvolume with 9 — p adjoint scalar fields, and the fermions needed 
for supersymmetry. 

(c) Orientifolds (O) are objects that at least at weak string coupling are not dynamical 
||32|| ; otherwise, they are similar to D branes. An orientifold p-plane breaks the same 
half of the SUSY as a parallel Dirichlet p-brane. It carries charge under the same 
Ramond p form gauge fields as such a D brane. The charge of an orientifold p-plane 
is equal and opposite to that of 2^"^ physical Dirichlet p-branes. In the presence of 
an orientifold plane all D branes (which are outside the orientifold) acquire mirror 
images; thus the number of such D branes is double the number of physical branes. 
Clearly, there are many ways to construct configurations of branes preserving four of the 
supercharges (1/8 of the original supersymmetry). For our purposes it will be sufficient to 
consider a class of configurations built out of four kinds of differently oriented branes, and 
two kinds of orientifold planes: 

(1) NS fivebrane with worldvolume ( ), which lives at a point in the 
(x^, x^, x^, x^) directions. The NS fivebrane preserves supercharges of the form eLQL + 
^rQr, with 

(2.2) 

(2) A differently oriented NS fivebrane, which we will refer to as the NS' fivebrane. Its 
worldvolume is (x*^, a;^, x^, a;^, x^, x^); it lives at a point in the (x^, x^, x^, x^) direc- 
tions, and preserves the supercharges 

(2.3) 

tR =T^T^T'^T^T^T'^ eR. 

(3) D sixbrane with worldvolume ( ^), which lives at a point in the 
[x^,x^,x^) directions. The D sixbrane preserves supercharges satisfying 



= r^r^r^r^r^r^r^ei?. (2.4) 



(4) D fourbrane with worldvolume ( ^), which lives at a point in the 

^) directions, and preserves supercharges satisfying 



= r^r^r^r^r^efl. (2.5) 
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(5) Orientifold sixplane, at a point in the {x^,x^,x^) directions. As discussed above, it 
behaves similarly to the D sixbrane of item (3). 

(6) Orientifold fourplane, at a point in the (x^, x^, x^, x^, x^) directions, which behaves 
similarly to the D fourbrane of item (4). 

It is easy to see that a configuration including all the objects (1) - (6) preserves four 
supercharges. Indeed, the second equations in (|2.2|) , (|2.3|) are satisfied by four of the 
sixteen independent spinors e^. is determined by (say) (|2^), and one can check that 
the first equations in (|2.2|) , (|2.3|) and (|2.5| ) are identities. 

It should be mentioned for completeness that more general configurations preserving 
= 1 supersymmetry can be constructed by adding NS fivebranes, D sixbranes and 06 
planes which are rotated with respect to the original ones in the (x*, x^, x^, x^) directions 
(see for recent discussions). We will not discuss such configurations here, except 

for a few scattered comments. 

3. Brane configurations and some of their classical properties 

The field theory on an infinite fourbrane is a five dimensional gauge theory invariant 
under sixteen supercharges. We will study, following , the theory on fourbranes stretched 
between fivebranes. In this case, the boundary conditions eliminate some of the physical 
fiuctuations of the infinite fourbrane, and reduce the amount of SUSY of the theory. 

Consider, for example, a single D fourbrane stretched along the x^ direction between 
two NS fivebranes Since the ends of the fourbrane are constrained to lie on the 
fivebranes, the modes corresponding to fiuctuations of the fourbrane in the (x^,---,x^) 
directions are massive. The configuration preserves eight supercharges (those satisfying 
(P7^), (|2.5|)), and describes at long distances a four dimensional N = 2 supersymmetric 
U{1) gauge theory0. The position of the D fourbrane on the NS fivebranes in the (x^, x^) 
plane corresponds to the expectation value of the scalar in the U{1) vector multiplet. As 

^ In a recent paper []36|| , E. Witten pointed out that this U{1) is in fact frozen {i.e. its gauge 
coupling vanishes) due to a divergence which has an infrared interpretation on the fivebrane 
and an ultraviolet one on the fourbrane. This does not modify the present discussion (or the 
constructions in the rest of the paper) since we can cancel the divergence in question by adding 
additional fourbranes attached to the NS fivebranes "at infinity" in (x'^,x^). Since all states 
charged under the U{1) gauge fields on both the original and the new fourbranes are arbitrarily 
heavy, we can ignore them. 
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is clear from the brane description, physics is independent of this expectation value - the 
scalar does not carry ^7(1) charge. The distance between the two NS fivebranes in the 
direction, Lg, determines the gauge coupling of the N = 2 supersymmetric gauge theory 
on the brane, oc Lq/X. 

Consider now adding a D sixbrane at a point in the a;^ direction that is between the 
locations of the two NS fivebranes. The additional brane does not break any further SUSY 
0. The four brane worldvolume dynamics corresponds now to = 2 supersymmetric U{1) 
gauge theory with a single charged hypermultiplet, which arises from 4-6 strings. The 
relative position of the D fourbrane and D sixbrane in the (x'^, x^) directions determines 
the mass of the hypermultiplet. 

The relative position of the two NS branes in the (x^, x^, x^) directions plays the role 
of a Fayet-Iliopoulos (FI) D-term in the ^7(1) gauge theory. From the brane configuration 
it is clear that only when the two NS fivebranes are at the same value of (a;^, x^, a;^), 
can the D fourbrane stretch between them without breaking SUSY. This is a reflection 
of the fact that in the presence of a non-vanishing FI D-term, the gauge theory has no 
supersymmetric vacuum with unbroken gauge symmetry. For non zero D-terms there is 
an isolated vacuum, in which the theory is in a Higgs phase. The interpretation of this in 
brane theory is the following 0: although for non zero FI D-terms a D fourbrane cannot 
connect two NS flvebranes, it can break into two pieces, each of which connects the D 
sixbrane to one of the two NS flvebranes. Since (x^, x^, x^) are part of the worldvolume of 
the D sixbrane, as the two NS branes are separated in these directions, the two pieces of 
the original fourbrane could separate in the ( ) directions while staying on the D 

sixbrane. 

Thus we learn that the Higgs mechanism is described in brane theory as the breaking 
of D fourbranes stretched between NS branes, on D sixbranes. The fact that in the U{1) 
gauge theory considered above the vacuum one flnds for non zero D-terms is isolated, 
implies that there are no massless modes associated with fourbranes stretched between 
D sixbranes and NS flvebranes. This is consistent with the fact that such a D fourbrane 
cannot fluctuate in the (x^, ■ ■ ■ ,x^) directions due to the boundary conditions on the two 
ends. N = 2 SUSY implies that there is also no massless worldvolume gauge fleld on it. 

An interesting qualitatively new effect arises when we generalize the previous discus- 
sion to the case of A^c > 1 fourbranes stretched between two NS flvebranes (still in the 
presence of one D sixbrane between the NS branes) . This conflguration describes an = 2 
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supersymmetric U{Nc) gauge theory with a hypermultiplet in the fundamental represen- 
tation of the gauge group. If we now displace one of the NS fivebranes relative to the 
other in the (x^, x^, x^) directions, turning on a FI D-term, naively the previous discussion 
applies, and the A''^ fourbranes can break on the single D sixbrane to yield an isolated 
supersymmetric vacuum for all Nc- A gauge theory analysis reveals that this conclusion is 
false - for all Nc > 1 the F and D term conditions for a supersymmetric vacuum have no 
solution. This and many related puzzles would be resolved if the following "s-rule" held 
i: 

A configuration in which an NS fivebrane and a D sixbrane are connected by more 

than one D fourbrane is not supersymmetric. 
A geometric explanation of the s-rule has been proposed in . In brane dynamics it may 
be related to the fact that two fourbranes connecting a given NS fivebrane to a given D 
sixbrane are necessarily on top of each other - a rather singular situation. 

Later in the paper we will be interested in moving NS fivebranes through D sixbranes. 
At first sight this appears to be a singular procedure, since when the two kinds of branes 
are at the same value of x^, they actually meet in spacetime. In [0| it was proposed that 
when an NS fivebrane passes through a D sixbrane in the x^ direction, a third brane is 
created, a D fourbrane connecting the two original branes. It was pointed out that this 
creation of a brane is necessary to preserve magnetic charge. More importantly for us, 
in evidence was presented that this process also implies that the low energy dynamics 
is insensitive to the relative position of D sixbranes and the NS fivebrane. Thus, despite 
appearances, the process of moving an NS fivebrane through a D sixbranes is smooth. This 
is going to play a role in the construction of the next sections. 

In the next sections we will be interested in configurations which include NS' five- 
branes; hence, it is useful to repeat the above discussion with NS' fivebranes replacing NS 
fivebranes. We will next mention a few of the main points. 

Consider a configuration of Nc fourbranes stretched between two NS' fivebranes along 
the x^ direction, with Nf sixbranes located between the two NS' fivebranes. Unlike the 
previous case, this configuration preserves four supercharges, and describes at long dis- 
tances a four dimensional = 1 supersymmetric U{Nc) gauge theory with one adjoint 
chiral multiplet, X, and Nf fundamental multiplets, Q, Q (we suppress fiavor indices). The 
difference with the previous case is that the superpotential W = QXQ required by = 2 
SUSY in Ad is absent here. The resulting model is in fact one of the simplest examples 
of = 1 supersymmetric gauge theory where the theory is known to be in a non abelian 
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Coulomb phase for all Nf > 1, but the long distance dynamics is not understood (see e.g. 



the third reference in p2| for some comments on this model). 

Fluctuations of the Nc fourbranes inside the NS' fivebrane in the plane 
parametrize the Coulomb branch of the model. Displacements of the Nf D sixbranes 
relative to the NS' fivebranes in the {x'^, x^) directions give masses to the fundamental 
multiplets Q, Q. The relative position of the two NS' fivebranes in the {x'^,x^) directions 
is not an independent parameter, as it can be compensated by changing the positions of 
the D sixbranes in the {x'^,x^) plane {i.e. the masses of the fundamentals), and an overall 
rotation of the configuration. 

The relative displacement of the two NS' fivebranes in the direction plays the 
role of a FI D-term; note that unlike the N = 2 SUSY case discussed before, here the 
D-term is a single real number, in agreement with field theory expectations. Separating 
the two NS' fivebranes in the direction (i.e. turning on a FI D-term) should not break 
SUSY for all Nf > 0. In fact, a gauge theory analysis leads to the conclusion that 
complete Higgsing is possible for all Nf > 1; the (complex) dimension of the Higgs branch 
is: 2NfNc + N^ — N^ = 2NfNc. The first two terms on the left hand side are the numbers 
of components in the fundamental and adjoint chiral multiplets, and the negative term 
accounts for degrees of freedom eaten up by the Higgs mechanism. 

The brane configuration provides a simple picture of the moduli space of vacua. As 
we have learned before, complete Higgsing corresponds to breaking all Nc fourbranes on 
various D sixbranes. The resulting fourbranes can then further break on other D sixbranes; 
a generic point in the Higgs branch corresponds to splitting each of the Nc fourbranes into 
Nf + 1 pieces, the first connecting the left NS' fivebrane to the first D sixbrane, the second 
connecting the first two D sixbranes etc. To calculate the dimension of the moduli space 
one notes that: 

(a) A fourbrane stretched between two D sixbranes has two complex massless degrees of 
freedom, corresponding to fiuctuations of the brane in the (x^, x^, x^) directions, and 
Aq, the compact component of the fourbrane worldvolume gauge field. 

(b) A fourbrane stretched between an NS' fivebrane and a D sixbrane has one complex 
massless degree of freedom, corresponding to fiuctuations of the brane in the [x^, x^) 
directions. 

(c) One does not expect an analog of the s-rule for fourbranes stretched between an NS' 
fivebrane and a D sixbrane, e.g. because two such fourbranes can be separated in the 
(x^, x^) directions, which are common to both kinds of branes. 
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Using these rules we find that the dimension of moduli space of brane configurations with 
completely broken U{Nc) gauge symmetry is: 2Nc{Nf — 1) + 2Nc = 2NcNf, in agreement 
with the gauge theory analysis. Of course, one can read the above arguments in the 
opposite direction; the agreement of the gauge theory analysis with the brane configuration 
counting is strong evidence for the validity of assumptions (a) - (c) about brane dynamics. 



4. Some quantum properties of branes 

One of the interesting features of brane configurations preserving = 1 SUSY in 
4d (or = 2 in 3d) is the fact that the classical picture of branes connected at right 
angles and not exerting any forces on each other is corrected quantum mechanically^. In 



this section we will describe the quantum bending of branes |^^, and formulate some 
phenomenological rules regarding the quantum forces between different four branes. These 
forces will be deduced by comparison to gauge theory. One of the main advantages of the 
brane description is its universality; interactions deduced in a particular situation can be 
used in others to learn about strongly coupled gauge dynamics. 

4.1. Bending of NS fivebranes 

Consider a configuration where a D fourbrane ends on an NS fivebrane from the lefli. 
The fourbrane is actually an M-theory fivebrane spanning the complex s = + ix^^ 
plane (in addition to {x^ , x^ , x"^ , x^) which we will suppress here), and is located at fixed 
f = X* + zx^, say v — a. The NS fivebrane fills the v plane, and is classically located at a 
fixed value of s. 

Quantum mechanically [^, the NS fivebrane bends away from the D fourbrane. Far 



from the point at which classically the fourbrane meets the fivebrane, v — a, the location 
of the latter is described by: 

S5 = RioHv-a) (4.1) 

This bending can be thought of as a quantum effect in the type IIA string description. 
Equation ( |4.1| ) implies that the classical symmetry of continuous rotation in the v plane, 
[v — a) —>■ e'"(f — a), is broken quantum mechanically. This is the geometrical M-theory 
realization of the gauge theory anomaly in a chiral global U{1) current. 



^ In contrast, in theories with eight or more supercharges, branes do not exert forces on each 
other quantum mechanically as well, since there are no superpotentials. There are of course other 
interesting quantum effects , ||3^ . 

^ Here and below, positions of various branes refer to the direction, unless stated otherwise. 
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J^..2. Three dimensional N=2 supersymmetric gauge theory 

To deduce the quantum forces between branes we will compare some recent discussions of 
three dimensional N = 2 supersymmetric gauge theories [p7| - p9| with the brane picture. 
We start by describing the relevant gauge theory results. 

Consider a four dimensional = 1 supersymmetric U{Nc) gauge theory coupled to 
Nf = Nc flavors of quarks Q*, {i,i = l,---,Nf), in the fundamental representation 
of U{Nc) (the "electric" theory). Compactify one of the dimensions on a circle of radius 
R; this gives rise at energies much lower than to a three dimensional N = 2 super- 
symmetric gauge theory. Classically, this model has an Nc{= Nf) dimensional! Coulomb 
branch and a 2NcNf — A^^ = A^^ dimensional Higgs branch which meet at the origin, as 
well as mixed Higgs - Coulomb branches in which part of the gauge symmetry is unbroken. 
One can also add "real masses" to the quarks which split the singularities in which the 
Coulomb and Higgs branches meet. We will discuss their role in the brane picture later. 

Quantum mechanically, the low energy behavior of this theory (in the absence of real 
masses) is reproduced by a sigma model for + 2 chiral superflelds V±, M|, with 
the superpotential 

W = V+V-{detM - r]) (4.2) 



J3 



where i] is related to the three and four dimensional gauge couplings: rj ~ ^-^l^a. 
e~^/^4. In the four dimensional limit R oo, r] turns into the four dimensional QCD 
scale r] A^^'', while in the three dimensional limit R ^ (with flxed), i] ^ 0. M 
should be thought of as representing the meson fleld M| = and V± parametrize the 

Coulomb branch. 



Varying (|4.2|) w.r.t. the flelds V±, M gives rise to the equations of motion 

V±{detM -r])=0; V+V-{detM){M-^)] = (4.3) 

Consider first the three dimensional case {R = r] = 0). There are three branches of moduli 
space: 

1) V+ = V- =0; M arbitrary. 

2) V+V- = 0; M has rank at most Nc-1. 

3) Vlf, V- arbitrary; M has rank at most Nc — 2. 



Here and below we always count complex dimensions of moduli spaces. 
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The first branch can be thought of as a Higgs branch, while the last two are mixed Higgs - 
Coulomb branches. The three branches meet on a complex hyperplane on which the rank 
of M is Nc — 2 and V+ = V_ = 0. Most of the classical N,, dimensional Coulomb branch 
is lifted; its only remnants are V±. 

The understanding of the theory with Nf = Nc allows us to study models with any 
Nf < Nc by adding masses to some of the flavors and integrating them out. Adding a 
complex quark mass term W = —mM to (|4.2|) , the following structure emerges. If the 
rank of m is one, one finds after integrating out the massive flavor a moduli space of vacua 
with Vj^V-detM = 1 (M is the [Nf — 1) x {Nf — 1) matrix of classically massless mesons). 
If the rank of m is larger than one, one finds a superpotential with a runaway behavior. 
For example, if we add two non-vanishing masses: 

W = V+V-detM - mlMl - mlM^ (4.4) 

we find, after integrating out the massive mesons M|, M2, Mj: 

W = (4.5) 

where, again, M represents the {Nf — 2)^ classically massless mesons. Clearly, the super- 
potential ( [4.5| ) does not have a minimum at finite values of the fields; there is no stable 
vacuum. 

When the radius of the circle is not strictly zero (ry 7^ 0), the analysis of (O) changes 
somewhat. There are now only two branches: 

1) V+ = V- =Q] M arbitrary. 

2) V+V- = 0; detM = ry. 

In particular, there is no analog of the third branch of the three dimensional problem. The 
two branches meet on a complex hyperplane on which detM = rj and Vj^ = V- = 0. The 
structure for all 77 7^ agrees with the four dimensional analysis 0,0. 

If we add to ( [4.2| ) a complex mass term W = —mM with a mass matrix m whose 
rank is smaller than Nf, the vacuum is destabilized (including the case of a mass matrix 
of rank one where previously there was a stable vacuum). If the rank of m is Nf, so that 
the low energy theory is pure U{Nc) SYM, there are Nc{= Nf) isolated vacua which run 
off to infinity as the radius of the circle R goes to zero (there is also a decoupled moduli 
space for the U{1) piece of the gauge group). 
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Another theory which wiU prove useful is the compactified = 1 SYM theory with 
gauge group U{Nc) and Nf = Nc flavors of quarks described above, coupled to a gauge 
singlet superfield N- via a Yukawa interaction: 

W = nJq'Q. = NlMi (4.6) 

Classically, this "magnetic" theory has an N"^ + N^, dimensional moduli space of vacua, 
corresponding to giving the singlet meson N and the adjoint scalar (together with the dual 
of the gauge field) arbitrary expectation values, keeping Q = Q = Q. At generic points on 
this moduli space the gauge group is broken to 11(1)^". 

To study the quantum mechanical situation, we add the classical superpotential ( |4^ ) 
to ([4.2|). Varying the resulting superpotential with respect to the fields M, A, V± gives 
rise to the equations: 

y±77 = 0; M = 0; A = (4.7) 

Thus, in the three dimensional case 77 = we find a two complex dimensional Coulomb 
phase parametrized by Vlj_, V-, while for non-zero R there is an isolated vacuum at the 
origin. The classical A^ dimensional moduli space parametrized by A is completely lifted. 
For non-zero R the Coulomb branch is lifted as well, while for i? = a two dimensional 
subspace remains. 

To understand the gauge theory results described above in brane theory, we next turn 
to the construction of these gauge theories using branes. 

4-3. The brane construction of classical 3d N=2 SQCD 

Consider a configuration of Ac D fourbranes stretched between an NS fivebrane and 
an NS' fivebrane along the direction, with the geometry described in section 2. This 
configuration preserves four supercharges, and corresponds at distances much larger than 
the separation between the NS and NS' branes, Lg, to a four dimensional A = 1 super- 
symmetric theory on the worldvolume of the fourbranes. 

In analogy to section 3, it is clear that the boundary conditions on the two ends of 
each fourbrane suppress long wavelength fluctuations of the fourbranes in the (x^, ■ ■ ■ , x^) 
directions. The only massless worldvolume degrees of freedom are the U{Nc) gauge bosons 
and their superpartners. To add matter, we insert Aj D sixbranes at values of that 
are between those corresponding to the positions of the NS and NS' branes. 4-6 strings 
describe A/ chiral multiplets in the fundamental representation of U{Nc), Q^.Qi- 
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To compare to the electric gauge theory described in the previous subsection we com- 
pactify one of the fourbrane worldvolume dimensions, say x^, on a circle of radius R. It is 
convenient to perform a T-duality transformation which transforms type IIA to type IIB 
and turns the D fourbrane wrapped around into a D threebrane at a point on the dual 
circle of radius = 1/R. The NS and NS' fivebranes transform to themselves under this 
T-duality, while the D sixbrane turns into a D fivebrane at a point in (a;"^, a;*, x^, x^). The 
positions of the different D fivebranes in x^ play the role of the real masses of the quarks. 
As i?3 ^ oo we recover the three dimensional N = 2 SQCD theory with 77 = discussed 
in the previous subsection, while the four dimensional limit corresponds to Rs 0. 



The magnetic theory with the singlet meson (|4.6|) is obtained from a different but 
related configuration. We place an NS' fivebrane to the left of an NS fivebrane and add 
Nf D fivebranes to the left of the NS' fivebrane. Each of the D fivebranes is connected 
to the NS' fivebrane by a D threebrane, and there are Nc threebranes stretched between 
the NS' and NS fivebrane^. The quarks arise as 3 - 3 strings stretched between the two 
kinds of threebranes, while the meson A^ arises from 3-3 strings connecting threebranes 
stretched between the NS' fivebrane and different D fivebranes. The classical moduli space 
obtained by giving independent expectation values to all components of A^ is realized in 
the brane picture by breaking all Nf D threebranes connecting the NS' fivebrane to the D 
fivebranes in all possible ways. 



4.4- Three dimensional gauge theory and brane interactions 

The quantum gauge theory effects described above are due in the brane picture to two 
basic quantum properties of threebranes: 

(1) There is a long range interaction between a D threebrane stretched between an NS' 
fivebrane and an NS fivebrane, and any other threebrane ending on the same NS' 
fivebrane. The interaction is repulsive if the two threebranes end on the same side of 
the NS' fivebrane; it is attractive if one ends on the NS' fivebrane from the left and 
the other from the right. 

(2) The repulsion between different threebranes ending on the same side of an NS' five- 
brane can be "screened" by D fivebranes located between the threebranes (in x^). 
This screening is effective if and only if the threebrane stretched between NS and NS' 

^ We will discuss the four dimensional version of this theory in section 5. 
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fivebranes mentioned in (1) can break on the D fivebrane before reaching the other 
threebrane. 

Clearly, by T-duality there are similar interactions between fourbranes ending on an NS' 
fivebrane in type IIA string theory. In the rest of this subsection we will explain how the 
two rules stated above encode different gauge theory phenomena described in section 4-2- 
Later we will apply these rules to more general situations in three and four dimensions 
and will see that they pass some additional consistency tests. 

Consider first the electric theory of section 4- 2- If the mass matrix m has rank Nc, 
the theory describes = 1 supersymmetric U{Nc) gauge theory with no massless matter, 
on X S^. As we saw, if the radius of the circle, R, vanishes, the theory has no stable 
vacuum due to a runaway superpotential on the classical Coulomb branch. When R > 
the classical moduli space is replaced by Nc isolated vacua which run off to infinity as 
R^O. 

In the brane picture these results are consequences of the repulsion between three- 
branes stretched between NS and NS' fivebranes. Recall that the threebranes live on a 
dual circle with radius i?3 = 1/R. For finite Rs the branes arrange around the circle at 
equal spacings, maximizing the distances between them and leading to an isolated vac- 
uum. It is clear that the Nc dimensional Coulomb phase is lifted, except for the decoupled 
U{1) Coulomb branch which appears as the freedom to rigidly rotate all Nc threebranes 
around the circle. The fact that there are Nc vacua has to do with the dual of the three 
dimensional gauge field, and is not expected to be seen geometrically (in 3d). It is also 
clear that in the three dimensional limit i?3 ^ oo the vacua run off to infinity, due to the 
long range repulsion. 

The repulsive potential between a pair of threebranes can be thought of in this caseil as 
due to Euclidean D strings stretched between the NS and NS' fivebranes and between the 
two D threebranes , (which are instantons in the low energy three dimensional gauge 
theory). Since there are two fermionic zero modes in the presence of these instantons, they 
lead to a superpotential on the classical Coulomb branch. For D threebranes stretched 
between NS fivebranes (discussed in [Q]) the same instantons contribute to the metric on 
the Coulomb branch, since there are then four zero modes in the presence of the instanton. 

In situations when the rank of the mass matrix is smaller than N^ there are massless 
quarks in the gauge theory; in the brane description, there are D fivebranes that can 

^ Note, however, that this explanation does not apply to some of the other attractive and 
repulsive interactions between threebranes implied by the rules above. 
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"screen" the interactions between the threebranes. This screening can be seen directly 
by studying the Euchdean D strings stretched between D threebranes. If the worldsheet 
of such a D string intersects a D fivebrane, two additional zero modes appear and the 
contribution to the superpotential vanishes. 

Consider for example the case where the number of massless flavors is Nf = Nc — 2 
in the three dimensional limit R = 0. We saw in section 4-^ that this theory develops 
a runaway quantum superpotential ( |4.5| ). In the brane picture, we have Nc threebranes 
stretched between NS and NS' fivebranes, and Nc — 2D fivebranes located at the same 
value of (we are restricting to the case of vanishing real masses for now) between the 
NS and NS' fivebranes. 

Due to the repulsion between unscreened threebranes stretched between NS and NS' 
fivebranes, A'^c — 2 of the Nc threebranes must break on different D fivebranes. The s- 
rule implies that once this has occurred, no additional threebranes attached to the NS 
fivebrane can break on these D fivebranes. We are left with two unbroken threebranes, 
one on each side of the D fivebranes (in x^). These threebranes repel each other, as well 
as the pieces of the broken threebranes stretched between the NS' fivebrane and the D 
fivebrane closest to it. There is no screening in this situation since all Nc~2 D fivebranes 
are connected to the NS fivebrane; hence the two threebranes stretched between the NS 
and NS' fivebranes cannot break on these D fivebranes. The system is unstable, and some 
or all of the threebranes mentioned above must run away to infinity. 

This is in agreement with the gauge theory analysis of the superpotential ( [4.5| ). One 
can think of V± as the positions in x^ of the two threebranes stretched between NS and 
NS' fivebranes mentioned above (as usual, together with the dual of the three dimensional 
gauge field). The potential obtained from ( ^75|) indeed suggests a repulsion between the 
different threebranes. 

It is clear that the arguments above continue to hold when the radius of the circle on 
which the threebranes live is finite. While the two threebranes stretched between the NS 
and NS' fivebranes can no longer run away to infinity in the x^ direction, those connecting 
the NS' fivebrane to a D fivebrane (representing components of M) can, and there is still 
no stable vacuum. This is in agreement with gauge theory; adding the term W = rjV-^-V- 
to (|4.5|) and integrating out V± leads to a superpotential of the form W ~ (detM)~^/^. 

The above discussion can be repeated with the same conclusions for all values 1 < 
Nf <Nc- 2. 
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For Nf = Nc — 1 the gauge theory answer is different; there is still no vacuum in the 
four dimensional case rj ^ 0, while in three dimensions there is a quantum moduli space 
of vacua with V+V-detM = 1. In brane theory there are now A^c — 1 D fivebranes, and 
the interaction between the D threebranes stretched between NS and NS' fivebranes can 
be screened. Indeed, consider a situation where Nc — 2 oi the Nc threebranes stretched 
between NS and NS' fivebranes break on D fivebranes. This leaves two threebranes and 
one D fivebrane that is not connected to the NS fivebrane. If i?3 = oo {i.e. ry = 0), the 
single D fivebrane can screen the repulsion between the two threebranes. If the threebrane 
is at = 0, then using the rules in the beginning of this subsection we deduce that any 
configuration where one of the threebranes is at > while the other is at x^ < is 
stable. The locations in x^ of the two threebranes give the two moduli V±. Thus, the brane 
picture predicts correctly the existence of the quantum moduli space and its dimension. 
The precise shape of the moduli space (the relation between detM and is more 

difficult to see geometrically; nevertheless, it is clear that due to the repulsion there is no 
vacuum when either V+ or V_ vanish. 

If the radius of the fourth dimension R is not zero, the brane picture predicts a 
qualitative change in the physics. Since is now finite, the two threebranes stretched 
between NS and NS' fivebranes are no longer screened by the D fivebrane - they interact 
through the other side of the circle. Thus one of them has to break on the remaining D 
fivebrane, and one remains unbroken because of the s-rule. The repulsion between that 
threebrane and the threebranes stretched between the NS' fivebrane and a D fivebrane 
which is no longer screened leads to vacuum destabilization, in agreement with the gauge 
theory analysis. 

For Nf = Nc (and vanishing real masses) the brane theory analysis is similar to 
the previous cases, and the conclusions are again in agreement with gauge theory. For 
i?3 = cx) one finds three phases corresponding to a pure Higgs phase in which there are no 
threebranes stretched between NS and NS' fivebranes, and two mixed Higgs - Coulomb 
phases in which there are one or two threebranes stretched between the NS and NS' 
fivebranes; the locations of the threebranes in x^ are parametrized by V±. When there 
are two unbroken threebranes, they must be separated in by the D fivebranes, which 
provide the necessary screening. 

For finite i?3, the structure is similar, except for the absence of the branch with two 
unbroken threebranes, which is lifted by the same mechanism to that described in the case 
Nf = Nc-1 above. 
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4-5. The magnetic brane configuration 

In section 4-3 we have presented a brane configuration realizing a U{Nc) gauge theory 
with Nf fiavors of quarks coupled to a singlet meson A^-* via the superpotential ( [4.6| ). The 
quantum moduli space of this gauge theory with Nf = Nc was analyzed at the end of 
section 4- 2- In this subsection we will revisit this theory from the point of view of brane 
dynamics. 

The brane configuration describing this theory contains Nc threebranes connecting the 
NS' to an NS fivebrane on its right (we will refer to these as threebranes of the first kind), 
and Nc threebranes (which we will refer to as threebranes of the second kind) connecting 
it to Nc D fivebranes on its left. 

Classically, this configuration has an A^^ + Nc dimensional moduli space correspond- 
ing to arbitrary breaking of the threebranes of the second kind on D fivebranes, and to 
independent motions of the threebranes of the first kind in the direction. The rules of 
section 4-4 imply that quantum mechanically threebranes of the first kind have repulsive 
interactions among themselves, and attractive interactions with threebranes of the second 
kind. These together with the s-rule imply that the theory has a unique vacuum at the 
origin where all Nc D threebrane are aligned and can be thought of as stretching between 
the NS fivebrane and the Nc D fivebranes. 

Looking back at equation ( [4.7| ) we discover a puzzle. For rj {i.e. finite -R3) the 
gauge theory analysis is in agreement with the brane picture, yielding a unique vacuum at 
the origin of moduli space V± = M = N = 0. For = 00 (the three dimensional limit) 
the gauge theory analysis yields a two dimensional moduli space parametrized by V±. If 
true, it would imply that two of the threebranes of the first kind can remain unattached to 
threebranes of the second kind, without feeling any attraction to them or repulsion from 
each other. This is puzzling since the relevant physics in this problem is the interplay 
between the attraction between branes of different kinds and repulsion of branes of the 
same kind, and the existence of such an unlifted branch of moduli space should not be 
sensitive to whether is finite or infinite. 

The above puzzle leads us to propose that in fact the magnetic brane configuration 
described above gives rise quantum mechanically to the following sigma model: 

W = V+V- (detM - 77) + NM + V+W-+ V- W+ (4.8) 

This is the same as the quantum superpotential of the gauge theory (|4.6| ) except for the 
fact that the fields V± are now massive even for 77 = 0. To give them a mass we had to 
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introduce dynamical fields W±, whose geometrical role in the brane configuration is not 
clear. Of course, the description ( [4 .81 ) is a quantum one. Classically, the fields V± are not 
well defined; as described in detail above, they parametrize the potentially massless modes 
on the Coulomb branch after most of it has been lifted by quantum effects. 



5. Classical electric and magnetic N=l SQCD 

After the detour to three dimensions, we return in this section to four dimensional 
= 1 supersymmetric gauge theory. The main purpose of this and the next section is 
to derive Seiberg's duality in U{Nc) gauge theory with matter in the fundamental 



representation, by embedding the problem in string theory. To achieve that we will in 
sections 5.1, 5.2 study brane configurations realizing the electric and magnetic theories; in 
section 5.3 we will show that, in the presence of a small FI D-term which breaks the gauge 
symmetry completely, the moduli spaces of the two theories in fact provide two different 
descriptions of a single smooth space - the moduli space of vacua of the underlying brane 
theory. This explains the equivalence between the two theories in the Higgs phase. In 
section 6 we will complete the demonstration of duality by studying the quantum effects, 
which become large when we turn off the D-term and approach the origin of moduli space. 

5.1. The electric theory 



Consider the configuration of D fourbranes stretched between an NS fivebrane 
and an NS' fivebrane along the direction, with Nf D sixbranes at values of that 
are between those corresponding to the positions of the NS and NS' branes discussed in 
section 3. It is instructive to relate the supersymmetric deformations of the gauge theory 
to parameters defining the brane configuration, using the dictionary established in the 
previous sections: 
1 ) Higgs moduli space: 

In the gauge theory, the structure of moduli space is as follows. For Nf < Ac, the U{Nc) 
gauge symmetry can be maximally broken to U{Nc — Nf). The complex dimension of the 
moduU space of vacua is: 2AcA/ - (A^ - (A^ - A/)^) = Nf. For Nf > N^ the gauge 
symmetry can be completely broken, and the complex dimension of the moduli space is 
2AcA/ - A2. 

In the brane description, Higgsing corresponds to splitting fourbranes on sixbranes 
0. Consider, e.g., the case Nf > Ac (the case Nf < Ac is similar). A generic point in 
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moduli space is described as follows. The first D fourbrane is broken into Nf + 1 segments 
connecting the NS fivebrane to the first {i.e. leftmost) D sixbrane, the first D sixbrane to 
the second, etc., with the last segment connecting the rightmost D sixbrane to the NS' 
fivebrane. The second D fourbrane can now only be broken into Nf segments, because 
of the s-rule: the first segment must stretch between the NS fivebrane and the second D 
sixbrane, with the rest of the breaking pattern as before. 

Recalling (see section 3) that a D fourbrane stretched between two D sixbranes has two 
complex massless degrees of freedom, while a D fourbrane stretched between a D sixbrane 
and an NS' fivebrane has one complex massless d.o.f., we conclude that the dimension of 
moduli space is: 

J2 m - + 1] = 2iV/A^c - (5.1) 
1=1 

in agreement with the gauge theory result. 
2) Mass deformations: 

In gauge theory we can turn on a mass matrix for the (s)quarks, by adding a superpotential 

W = miQ'Qj (5.2) 

with m an arbitrary Nf x Nf matrix of complex numbers. In the brane configuration, 
masses correspond to relative displacement of the D sixbranes and the D fourbranes (or 
equivalently the NS' fivebrane) in the (x**, x^) directions. The configuration can be thought 
of as realizing a superpotential of the form (|5.2| ), with the mass matrix m satisfying the 
constraint 

[m,m^]=0 (5.3) 

Thus, we can diagonalize m, simultaneously; the locations of the D sixbranes are the 
eigenvalues of m. 

Hence, the brane configuration describes only a subset of the possible deformations of 
the gauge theory. This is a rather common situation in string theory, and we will encounter 
additional examples of this phenomenon below. Note also that the condition (|5.3|) appears 
as a consistency condition in = 2 supersymmetric gauge theories. Our theory is clearly 
not N=2 supersymmetric; nevertheless, it is not surprising that the condition ( |5.3| ) arises, 
since one can think of m as the expectation value of a superfield in the adjoint of the 
U{Nf) gauge group on the D sixbranes. The theory on the infinite sixbranes is invariant 
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under sixteen supercharges in the bulk of the worldvolume, and while it is broken by the 
presence of the other branes, it inherits ( p.3| ) from the theory with more supersymmetry. 

3) FID-term: 

In the gauge theory it is possible to turn on a D-term for U{1) C U{Nc). For Nf < Nc this 
breaks SUSY. For Nf > Nc there are supersymmetric vacua in which the gauge symmetry 
is broken, and the system is in a Higgs phase. In the brane description, the role of the 
FI D-term is played by the relative displacement of the NS and NS' fivebranes in the 
direction. Clearly, when the two are at different values of x^, a fourbrane stretched between 
them breaks SUSY. To preserve SUSY, all such fourbranes must break on D sixbranes, 
which as we saw above is only possible for Nf > Nc because of the s-rule. Once all 
fourbranes have been split, there is no obstruction to moving the NS and NS' fivebranes 
to different locations in x^. Note that the Higgs phase depends smoothly on the D-term. 
In the brane construction the reason is that once all Nc D fourbranes have been broken 
on D sixbranes in a generic way, nothing special happens when the relative displacement 
of the two fivebranes in vanishes. 

4) Global symmetries: 

Supersymmetric QCD with gauge group SU{Nc) and Nf quarks has the global symmetry 
SU{Nf) X SU{Nf) X U{1)b X U{1)^ x The two SU{Nf) factors rotate the quarks 

Q*, Qi, respectively; U{1)b is a vectorlike symmetry, which assigns charge (—1) to Q 
(Q). U{1)j: and U{l)a are R symmetries under which the gaugino is assigned charge one, 
and the quarks Q, Q have charge or 1. Only one combination of the two R symmetries 
is anomaly free, but this quantum effect is not expected to be visible in the classical brane 
construction (we will derive it from brane dynamics in section 6) . 

In our case, the baryon number symmetry is gauged. The brane configuration has a 
manifest SU{Nf) symmetry, which is a gauge symmetry on the D sixbranes and a global 
symmetry on the D fourbranes. The other SU{Nf) is presumably broken at short distances 
and emerges at long distances as an accidental symmetry. The symmetries U{l)j:, U{l)a 
are exact symmetries in the brane picture. They correspond to rotations in the (x^, x^) 
and {x^,x^) planes, C/(l)45, U{1)89- From the discussion of the mass deformations and 
Higgs moduli space above, it is clear that the mass parameters (|5.2|) are charged under 
t/(l)45, while the quarks Q, Q are charged under U{l)s9- These rotations are part of 
the Lorentz group in ten dimensions and, therefore, the four dimensional supercharges are 
charged under both t/(l)45 and t/(l)89; hence, the two U{1) symmetries are R-symmetries. 
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Summarizing, the charge assignments under U {1)45x1/ {l)s9 are: Q and Q have charges 
(0, 1), the mass parameters m in ( |5T^ ) have charges (2, 0), and the superspace coordinates 
9cc have charges (1,1). With these assignments, the mass term ( |5.2| ) is invariant under 
both global symmetried^. 

5.2. The magnetic theory 

The magnetic brane configuration is similar to that discussed in section 4-5. It contains 
Nc fourbranes connecting the NS' fivebrane to an NS fivebrane on its right (we will refer to 
these as fourbranes of the first kind), and Nf fourbranes (of the second kind) connecting 
it to Nf D sixbranes on its left. We will consider the case Nf > Nc in what follows. 

This configuration describes SQCD with gauge group U (Nc) (with the gauge bosons 
coming as before from 4-4 strings connecting fourbranes of the first kind), Nf fiavors 
of quarks qi, (4-4 strings connecting the Nc fourbranes of the first kind with the Nf 
fourbranes of the second kind), and a complex meson Mj (i, j = 1, ■ ■ ■ , Nf) arising from 4 
- 4 strings connecting fourbranes of the second kind. The standard open string coupling 
gives rise to a superpotential 

VT^ag = Mjg.g^' (5.4) 

The analysis of moduli space and deformations of this model is similar to the electric 
theory, with a few differences due to the existence of the superpotential ( ^.4| ). Consider 
first mass deformations. In gauge theory we can add a mass term to the magnetic quarks, 
by modifying the superpotential to: 

Vr„,ag = Miq,q^ + 5M]q4^ (5.5) 

The mass parameters 5M can be absorbed into the expectation value of the magnetic meson 
Mj, and should thus be thought of as parametrizing a moduli space of vacua. The N'j 
resulting parameters are described in the brane language by splitting the Nf D fourbranes 
of the second kind on the D sixbranes in the most general way consistent with the geometry. 
It is easy to check that there are generically a total of N'j massless modes in this brane 
configuration, corresponding to the N'j components of M: Nf of them describe fiuctuations 
in the (x^, x^) plane of fourbranes stretched between the NS' fivebrane and the rightmost 

^ These global symmetries may be used to argue that the three adjoint superfields correspond- 
ing to fluctuations of the fourbranes in (x^, • • • ,x^) are infinitely massive; this will be discussed 
in section 7. 
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D sixbrane, and J2iJi 2/ = Nf{Nf — 1) parametrize fluctuations m ( lie J J lie J tic 9) of tlie 
fourbranes connecting different sixbranes. 

To give tfie magnetic meson field a mass in gauge theory, we add a linear term in M 
to the magnetic superpotential: 

W^mag = M]feg^-m^) (5.6) 

Integrating out the massive field M we find that in the presence of the mass parameters 
m\ the gauge group is broken; thus the "mass parameters" m play the role of Higgs 
expectation values. In the brane description, these deformations correspond to a process 
where fourbranes of the first kind are aligned with those of the second kind and reconnected 
to stretch between the NS fivebrane and a D sixbrane. If m has rank n{< Nc), n such 
fourbranes are reconnected. The D sixbranes on which the reconnected fourbranes end can 
then be moved in the (a;^,a;^) directions, taking the fourbranes with them and breaking 
the U{Nc) gauge group to U{Nc — n). The brane description realizes only a subset of the 
allowed "mass" matrices m, namely those which satisfy ( |5.3| ) (the reason is similar to the 
one described there). We will soon see that this analogy is not coincidental. 

Another deformation of the magnetic gauge theory and of the corresponding brane 
configuration, which will play a role in the sequel, is switching on a FI D-term for the U{1) 
subgroup of U{Nc). In the brane construction this corresponds to a relative displacement of 
the NS and NS' fivebranes in the direction. To preserve SUSY, all Nc fourbranes of the 
first kind have to be reconnected to Nc of the Nf fourbranes of the second kind, leading 
to a situation where A''^ fourbranes stretch between the NS fivebrane and Nc different 
sixbranes and Nf — Nc fourbranes stretch between the NS' fivebrane and the remaining 
sixbranes. Once this occurs, the two fivebranes can be separated in x^. 

Unlike the electric theory, here there is classically a jump in the dimension of the 
moduli space of the theory as we vary the D-term. For non-vanishing D-term there are 
only Nf — Nc fourbranes that give rise to moduli (the other Nc are frozen because of the 
s-rule), and the moduli space is easily checked to be N'j — N^ dimensional. When the 
D-term vanishes, the previously frozen fourbranes can be reconnected to yield the original 
configuration, with unbroken U{Nc), and we gain access to the full Nj dimensional moduli 
space discussed above. Quantum mechanically, this classical jump in the structure of the 
moduli space disappears, as will be discussed in section 6. 

The magnetic brane configuration is invariant under the same global symmetries as 
the electric theory described above. It is not difficult to show that the charge assignments 
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under the [7(1)45 x U{l)s9 symmetry are as follows: the magnetic quarks q, q have charges 
(1,0), the mass parameters m have charges (2,0), the magnetic meson M has charges 
(0,2), and the superspace coordinates 9^ have charges (1, 1). 

5.3. Seiberg's duality in the classical brane picture 

We have now constructed using branes two N = 1 supersymmetric gauge theories, 
the electric and magnetic theories discussed in the previous two subsections. Seiberg has 



shown pl[ that the electric gauge theory with gauge group U{Nc) and the magnetic theory 
with gauge group U{Nf — Nc) are equivalent in the extreme infraredH {i.e. they flow to the 
same infrared fixed point). Seiberg's duality is a quantum symmetry, but it has classical 
consequences in situations where the gauge symmetry is completely broken and there is 
no strong infrared dynamics. In such situations Seiberg's duality reduces to a classical 
equivalence of Higgs branches and their deformations. 

In this subsection we show using brane theory that the Higgs branches of the electric 
and magnetic theories with gauge groups U{Nc) and U{Nf — Nc), respectively, provide 
different parametrizations of a single space, the moduli space of vacua of the appropriate 
brane configuration. This explains the classical part of Seiberg's duality. As one approaches 
the root of the Higgs branch, non-trivial quantum gauge dynamics appears, and we have 
to face the resulting strong coupling problem. This will be addressed in section 6. 

Start, for example, with the electric theory with gauge group U{Nc). As we learned 
above, higgsing corresponds to breaking D fourbranes on D sixbranes. It is convenient 
before entering the Higgs branch to move the NS fivebrane to the right through the Nf D 
sixbranes. This is a smooth process which does not infiuence the low energy physics on the 
fourbranes 0. When the NS fivebrane passes through the Nf D sixbranes, it generates 
Nf D fourbranes connecting it to the D sixbranes; these new D fourbranes are rigid. 

We now enter the Higgs phase by reconnecting the Nc original fourbranes to Nc of the 
Nf new fourbranes created previously; we then further reconnect the resulting fourbranes 
in the most general way consistent with the rules described in section 3. The resulting 
moduli space is 2NfNc—N^ dimensional, as described in section 5.1. Note that, generically, 
there are now Nf — Nc D fourbranes attached to the NS fivebranes, and A'^^, D fourbranes 



^ Seiberg actually considered the SU{Nc) and SU{Nf — Nc) theories, but the statement for 
U{Nc), U{Nf — Nc) follows from his results by gauging baryon number. 



24 



connected to the NS' fivebranes (the other ends of all these fourbranes lie on different D 
sixbranes). 

Once we are in the Higgs phase, we can freely move the NS fivebrane relative to the 
NS' fivebrane, and in particular the two branes can pass each other in the direction 
without ever meeting in space. This can be achieved by taking the NS fivebrane around 
the NS' fivebrane in the direction, i.e. turning on a FI D-term in the worldvolume 
gauge theory. At a generic point in the Higgs branch of the electric theory, turning on 
such a D-term is a completely smooth procedure; this is particularly clear from the brane 
description, where in the absence of D fourbranes connecting the NS fivebrane to the NS' 
fivebrane, the relative displacement of the two in the direction can be varied freely. 

After exchanging the NS and NS' fivebranes, the brane configuration we find can be 
interpreted as describing the Higgs phase of another gauge theory. To find out what that 
theory is, we approach the root of the Higgs branch by aligning the Nf — Nc D four- 
branes emanating from the NS fivebrane with the NS' fivebrane, and the Nc D fourbranes 
emanating from the NS' fivebrane with D fourbranes stretched between D sixbranes. 

We then reconnect the D fourbranes to obtain a configuration consisting of Nf — Nc 
D fourbranes connecting the NS' fivebrane to an NS fivebrane which is to the left of it; the 
NS' fivebrane is further connected by Nf D fourbranes to the Nf D sixbranes which are 
to the left of it. This is the magnetic SQCD of section 5.2, with gauge group U{Nf — Nc). 

To summarize, we have shown that the moduli space of vacua of the electric SQCD 
theory with (completely broken) gauge group U{Nc) and Nf fiavors of quarks Q\ Qi, 
and the moduli space of vacua of the magnetic SQCD model with (broken) gauge group 
U{Nf — Nc), can be thought of as providing different descriptions of a single moduli space 
of supersymmetric brane configurations. One can smoothly interpolate between them by 
varying the scale A, keeping the FI D-term fixed but non-zero. Since the only role of A in 
the low energy theory is to normalize the operators |^^, theories with different values of 
A are equivalent. The electric and magnetic theories will thus share all features, such as 
the structure of the chiral ring (which can be thought of as the ring of functions on moduli 
space), that are independent of the interpolation parameter A. 

The above smooth interpolation relies on the fact that the gauge symmetry is com- 
pletely broken, due to the presence of the FI D-term. As mentioned above, it is not 
surprising that duality appears classically in this situation since there is no strong infrared 
gauge dynamics. 
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The next step is to analyze what happens as the gauge symmetry is restored when 
the D-term goes to zero and we approach the origin of moduh space. ClassicaUy, we find 
a disagreement. In the electric theory, we saw in section 5.1 that nothing special happens 
when the gauge symmetry is restored. New massless degrees of freedom appear, but there 
are no new branches of the moduli space that we gain access to. 

In the magnetic theory the situation is different. When we set the FI D-term to zero, 
we saw in section 5.2 that a large moduli space of previously inaccessible vacua becomes 
available. While the electric theory has a 2NfNc — dimensional smooth moduli space, 
the classical magnetic theory experiences a jump in the dimension of its moduli space from 
2NfNc — N^ for non- vanishing FI D-term, to A^J when the D-term is zero. However, in the 
magnetic theory when the D-term vanishes the U{Nf — Nc) gauge symmetry is restored, 
and to understand what really happens we must study the quantum dynamics. We will 
discuss this in section 6, where we shall see that quantum mechanically the jump in the 
magnetic moduli space disappears, and the quantum moduli spaces of the electric and 
magnetic theories agree. 

It is instructive to map the deformations of the classical electric theory to those of 
the classical magnetic one. Turning on masses ( |5.2|) in the electric theory corresponds to 
moving the D sixbranes away from the D fourbranes (or equivalently from the NS' five- 
brane) in the (x^, x^) directions. As discussed in section 5.2, in the magnetic description, 
the electric mass parameters correspond to Higgs expectation values (|5.6|) . 

Turning on expectation values to the electric quarks, which was described in the brane 
language in section 5.1, corresponds on the magnetic side to varying the expectation value 
of the magnetic meson M, ( |5.5| ). This gives masses to the magnetic quarks. 

The transmutation of masses into Higgs expectation values and vice versa observed 
in the brane construction is one of the hallmarks of Seiberg's duality. 

6. Quantum electric and magnetic N=l SQCD 

To complete the demonstration of Seiberg's duality in brane theory we have to address 
the strong coupling quantum effects which become important near the origin of moduli 
space. In this section we will do that, taking the opportunity to describe some additional 
aspects of the quantum physics of the electric and magnetic theories in three and four 
dimensions. 
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6.1. Quantum effects in the electric theory 
1 ) Global symmetries: 

In section 5.1 we saw that the classical electric theory is invariant under two chiral R 
symmetries, corresponding in the brane language to rotations in the (4,5) and (8,9) planes. 
In gauge theory it is well known that quantum mechanically only one combination of the 
two R symmetries is preserved, due to chiral anomalies. This can be seen directly in brane 
theory. 

At finite type IIA coupling A we should interpret our brane configurations as describing 
fivebranes and sixbranes in M-theory. Defining (as in section ^.i): 

s =x^ + ix^^ 

V =x^ + ix^ (6.1) 

W =X + IX 

the D fourbrane corresponds "classically" to an M-theory fivebrane at f = w = and it 
is extended in s, the NS fivebrane is at s = = and is extended in v, while the NS' 
fivebrane is at = 0, s = S and is extended in w. 

Quantum mechanically the NS and NS' fivebranes are deformed by the fourbranes 
ending on them according to ( [4.1| ). Consider the classical electric configuration correspond- 
ing to Nf D sixbranes connected by D fourbranes to an NS fivebrane which is to their right, 
with the NS fivebrane further connected by Nc fourbranes to an NS' fivebrane which is 
to its right. Equation ( f4.1| ) implies that this classical configuration is deformed quantum 
mechanically. Far from the origin of the (f , w) plane (the location of the fourbranes), the 
location of the NS fivebrane in the s plane is described by 

sr, = R^^{Nf-N,)\nv (6.2) 

while the location of the NS' fivebrane in the s plane is described by 

s^i = RioNciriw (6.3) 

Thus, while the classical brane configuration is invariant both under rotations in the 
(x^, x^) plane, v — > e*"!), and in the (a;^,x^) plane, w e^^ty, the quantum mechanical 
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configuration breaks both symmetries. Nevertheless, one combination of the two U{1) sym- 
metries is preserved, if accompanied by an appropriate translation in x^^. The unbroken 
R symmetry is the one under which 

=i?ioln(«;-^^t;^^-^^) (6.4) 

is invariant. It is not difficult to check that if (by definition) the R charge of 9 under this 
symmetry is one, that ofQ,QisBf = l — Nc/Nf, in agreement with the gauge theory 
answer P,^- 

2) Moduli space of vacua for Nf > Nc: 

In section 4 we described the quantum moduli space of = 1 SQCD with Nf < Nc in 
four dimensions and its compactification on a circle, comparing the gauge theory picture of 
|39[j to that obtained by using the brane interactions of section 4 ■4- Here we will comment 
on the case Nf > Nc and the role of real masses in the compactified theory. 

As is clear from and from the discussion of section 4, the physics of the four 



dimensional theory compactified on a circle of finite radius R is similar to that of the 
infinite R one. As R one often encounters different phenomena. It will be convenient, 
as in section 4, to discuss the compactified theory, as it helps to geometrize more of the 
gauge theory phenomena. We will also perform the T-duality transformation of sections 
4-3, 4-4 3.nd discuss threebranes at points on a circle of radius Rs = 1/R rather than 
fourbranes wrapped around a circle of radius R. 

Consider the electric theory on R'^ x with Nf > N^ and vanishing real masses. 
We start with the case i?3 = oo in which the theory describes a three dimensional N = 2 
supersymmetric QCD. The moduli space of vacua is similar to that of the theory with 
Nf = Nc (see section 4-^)- There are three branches of moduli space: 

a) Higgs branch: V+ = V_ = 0. The meson field M gets an expectation value, generi- 
cally breaking the U{Nc) gauge group completely. The Higgs branch is 2NfNc — N^ 
dimensional, and corresponds in the brane picture to breaking all Nc threebranes that 
are initially stretched between the NS and NS' fivebranes on D fivebranes. 

b) Mixed Coulomb - Higgs branch, where Vj^V- = 0, but either or V_ is massless. 
This branch is realized by breaking all but one of the threebranes on the D fivebranes, 
and allowing the remaining threebrane to fiuctuate in the direction, either above 
(V+) or below (V-) the location of the D fivebranes. All repulsive interactions between 
the single threebrane stretched between the NS and NS' fivebranes and the broken 
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threebranes are screened, and hence this branch of moduh space is not hfted. Its 

dimension is {2Nf{Nc — 1) — {Nc — 1)^) + 1 with the term in parenthesis coming from 

the mesons M and the +1 from V±. 
c) Another mixed Coulomb - Higgs branch is obtained by breaking aU but two of the 

threebranes on D fivebranes, and placing one of the two above and the other below 

the D fivebranes in x^. In this branch V+ and V- are massless while the meson 

moduli space, arising from the Nc — 2 broken threebranes, is 2Nf{Nc — 2) — (A^^ — 2)^ 

dimensional. Again, all repulsive interactions are screened. 
The repulsion between threebranes stretched between NS and NS' fivebranes does not 
allow us to leave more than two such threebranes unbroken. Therefore, the branches 
discussed above exhaust the possibilities for unlifted parts of moduli space. For finite 
i?3 the structure is very similar, except that the third branch of the three dimensional 
moduli space discussed above is lifted, because the interaction between the two unbroken 
threebranes is no longer screened (as in the case Nf = Nc discussed in section 4-4)- 

In the four dimensional limit i?3 — > the Coulomb branches degenerate (the three- 
branes have no room to move in the direction), and we are left with the 2NcNf — Nc 
dimensional Higgs branch familiar from the classical theory. An important conclusion is 
that in the quantum theory, just like in the classical one, there is no discontinuous jump 
in the structure of the moduli space at the root of the Higgs branch. 
3) Adding real masses for the quarks: 

In addition to complex masses ( [5.2| ), which correspond to the positions of D fivebranes 
in the (x^, x^) plane, in the compactified theory one can add "real masses" for the quarks 
by displacing the D fivebranes in the x^ direction (see ||3^, for the gauge theory 
description of these mass parameters). When all Nf real masses are different {i.e. the D 
fivebranes are all at different values of x^, a^, with i = 1, ■ ■ ■ , Nf), the discussion of the 
moduli space has to be modified somewhat. 

For 1 < Nf < Ac — 1 there is still no vacuum both for finite and infinite i?3, since there 
is no way to place the threebranes such that all the repulsive interactions are screened. 

For Nf = Nc — 1 and infinite there is an Ac dimensional Coulomb branchl which 
is described in brane theory by placing a D fivebrane between every two threebranes, thus 
screening the repulsive interactions between the threebranes. The Coulomb branch is then 
parametrized by the locations of the Ac threebranes (and the dual of the 3d worldvolume 



The existence of such a branch was observed in gauge theory in p8 
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gauge field), Vi {i = l,---,A^c = Nf + 1), satisfying a^-i < l^il < (wfiere ao = — oo, 
oat^+i = oo). Tlie U{Nc) gauge group is broken to t/(l)^'= everywfiere on tfiis Coulomb 
brancli. Tlie boundaries of the Coulomb branch, \Vi\ = ai-i,ai, are singular surfaces 
with no Higgs branches emanating from them0 since whenever a threebrane breaks on a 
fivebrane in this situation, unscreened repulsive forces push parts of it to infinity. 

For finite Rs the phase discussed above disappears, since as we have seen a number of 
times before, there is now an unscreened interaction between the first and last threebranes. 

It is easy to repeat the discussion above for the case that some of the real masses are 
equal. The brane picture predicts a moduli space corresponding to particular combinations 
of Higgs and Coulomb branches uniquely determined by the rules of section 4-4- We will 
not go through the details of that analysis here. It is also not difficult to generalize 
the discussion to Nf > Nc- Even when all the real masses are different, there are now 
possibilities for mixed Coulomb - Higgs branches. Their analysis is straightforward and 
will be left to the reader. 

6.2. Quantum effects in the magnetic theory 

To complete the demonstration of Seiberg's duality using branes we now turn to a 
discussion of quantum effects in the magnetic SQCD model. We will restrict to the four 
dimensional case, R = oo, and will comment on the compactified theory in section 10. 

The classical magnetic configuration is invariant under C/(l)45 x [7(1)89 just like the 
electric one. Quantum mechanically the NS fivebranes are deformed due to the presence 
of the "fourbranes" ; equations ( |6.2| ), ( |6.3| ) which were found for the electric configuration, 
are valid for the magnetic one as well. This guarantees that the charge assignments of 
the various fields {q, q, M) agree with those found in gauge theory, and with the electric 
configuration. 

One may interpret, following [^, the form (|6.2| ), ( |0| ) of the electric coupling — sy 
as describing a, v, w dependent electric QCD scale Ae: 

where fu, is some fixed scale independent of v, w. The first equality in (|6.5| ) is exact, while 
the second is correct asymptotically, when v,w are large. The fact that in the magnetic 

This seems to disagree with p8|| . 
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configuration the NS and NS' fivebranes are reversed impHes that the magnetic QCD scale 
Km has a difi^erent dependence on v, w: 

A^J^-^f =^SN^-Nf^+is.-s,,) (6.6) 

where Nc = Nf — Nc- Equations ( |6.5| ), (|6.6| ) lead to the scale matching relation: 

Ar^-^^Af=-^^=^^^ (6.7) 

which is familiar from the study of Seiberg's duality in gauge theory Strictly speak- 

ing, the argument above shows that while Ag and A^ depend on v and w, for large v, w 
the product ( |6.7| ) is constant. To study the constant and, in particular, its relation to the 
Yukawa coupling in the magnetic superpotential one has to perform a more detailed 
analysis. 

Classically, the moduli spaces of the electric and magnetic gauge theories were found in 
section 5 to be different. The electric moduli space is smooth as the FI D-term approaches 
zero, while in the magnetic theory there is a jump in the dimension of moduli space from 
2NfNc — for non zero D-term, to Nj for vanishing D-term. The quantum analysis of 
the electric theory performed in the previous subsection implies that quantum effects do 
not lead to a qualitative change in the structure of the electric moduli space. 

In the magnetic theory, quantum effects do lead to a qualitative change in the structure 
of the moduli space. The Nf — A''^ fourbranes stretched between the NS and NS' fivebranes 
are attracted to the Nf fourbranes stretched between the NS' fivebrane and the sixbranes 
(see section 4-4) ■ Hence, Nf — Nc of the Nf fourbranes of the second kind align with the 
fourbranes of the first kind, and reconnect, giving rise to Nf — Nc fourbranes stretched 
between the NS fivebrane and Nf — Nc different sixbrane (in agreement with the s-rule). 
The remaining A^^ fourbranes of the second kind give rise to the usual 2NcNf ~N^ moduli. 

In gauge theory, the same conclusions follow from the fact that the classical magnetic 



superpotential ( ^.4|) is corrected quantum mechanically to [pT 



V^q^antum = M^q.Q^ + A ^-^z (detM) (6.8) 

Physically, the origin of the second term in ( |6.8|) is the fact that when M gets an expectation 
value, the magnetic quarks become massive due to the classical coupling ( |5.4| ) . If the rank 
of M is larger than A''^, the vacuum is destabilized by non-perturbative SQCD effects. This 
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reduces the dimension of moduli space to N'j — {Nf — A''^)^ = 2NfNc — N^. The analysis 
of the superpotential ( |678|) leads to the same conclusions . 

Thus, quantum effects eliminate the discontinuous jump in the chiral ring of the 
magnetic theory as the FI D-term is tuned to zero. Quantum mechanically one does 
not have access to the full N'j dimensional classical moduli space, but to a 2NfNc — 
A^^ dimensional subspace thereof - precisely the subspace that connects smoothly to the 
electric moduli space via our construction! 

It is now clear that the equivalence of the chiral rings of the electric and magnetic 
theories constructed above extends to the root of the Higgs branch (for vanishing D-term) , 
since in the quantum theory there is no discontinuous jump in the structure of either the 
electric or magnetic moduli space there. 

7. Theories with two adjoints 

7.1. The brane configuration and its interpretation 

In this section we will consider a configuration of k coincident NS fivebranes connected 
by Nc D fourbranes to k' coincident NS' fivebranes, with Nf D sixbranes located between 
the NS and NS' branes. The discussion of the previous sections corresponds to the case 
k = k' = 1. 

The low energy theory on the fourbranes is in this case = 1 SYM with gauge group 
U{Nc)^ Nf fundamental fiavors Q*, Qi, and two adjoint superfields X, X' . The classical 
superpotential is 

W = ^T,X^+^ + ^L^TrX'''+' + Q^X'Q, (7.1) 
k + 1 /e + 1 

X and X' can be thought of as describing fluctuations of the fourbranes in the (x^, x^) and 
(x^,x^) directions, respectively. They are massless, but the superpotential ( [fT|) implies 
that there is still a potential for the corresponding fluctuations, allowing only inflnitesimal 
deviations from the vacuum aX X = X' = Q. The couplings sq, s'q should be thought of 
as very large: sq.s'q oo. This can be deduced e.g. on the basis of the transformation 
properties of ( [7.1| ) under the global symmetries [^(1)45 and U(l)s9- 

Indeed, in addition to the charge assignments for Q, Q, m and 6 discussed in section 
5.1, the charges of the adjoint fields under U{1)^^ x U(l)s9 are (0,2) for X and (2,0) for 
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X' . Note that the adjoint field X' transforms in the same way as the quark mass m; this 
is consistent with the fact that turning on an expectation value for X' changes m, as is 
clear from the form of the superpotential (|7.1| ). 

We see that with the above charge assignments for the fields, the last term in ( |7.1j ) 
is invariant under the global symmetry, while the first two are not. This means that the 
coefficients sq, Sq must be infinite. This is consistent with the case k = k' = 1 considered 
in sections 5, 6. There, the statement is that the masses of X and X' are not of order 
1/Lq as one would naively expect, but rather infinite. That this must be the case follows 
from the following argument. If the mass of X' , m', was finite, by integrating X' out using 
we would have obtained a superpotential of the form 

W = —O^Q'Q.Q' (7.2) 

for the quarks, which would have lifted some or all of the flat directions of SQCD. The fact 
that we have found the full moduli space of SQCD in the brane construction of section 5 
is further evidence that the mass in that case, or more generally Sg in ( [7.1| ), is infinite. 

One can discuss the case of finite mass for X' by rotating the NS' fivebrane in the 
[v^w) plane (as in [^). The mass m! varies from zero when the brane lies along the 
V axis, to infinity when it lies along the w axis. In between, there is a non vanishing 
superpotential of the form ( |7.2| ) for the quarks, which modifies the moduli space of vacua 
rather significantly. One can repeat the counting leading to ( p.l| ) for this case and find 
that the dimension of the Higgs branch is 2NfNc — 2A^^. The counting ( p.l|) is modified 
because a) fourbranes stretched between a D sixbrane and the rotated NS' fivebrane are 
now rigid, and b) there is an analog of the s-rule for fourbranes stretched between a D 
sixbrane and the rotated NS' fivebrane. Thus the structure for any non zero rotation angle 
is very similar to that of the N = 2 supersymmetric case discussed in [Q]. 

The occurrence of infinite coefficients in the superpotential seems unsatisfactory. It is 
quite possible that the description of the theory given here is an effective one, arising after 
integrating out some additional fields, and the underlying theory with these fields included 
does not exhibit any such singularities. We will leave an elucidation of these issues for 
future work. 

A calculation similar to that of section 6.1 leads to the conclusion that only one 
combination of the two U{1) R symmetries described above survives in the quantum theory. 
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The bending of the NS and NS' fivebranes is given for arbitrary k and k' (and again for 
large v, w) by: 

S5 =RioiNf liiv 

and the unbroken symmetry is the combination of f — > e*"f , — > e*^w which preserves 

S5 - S5'. 

It is not difficult to compute the i?-charge oi Q, X and X' under this symmetry. One 
finds that for generic /c, k' the answer one gets is not the one expected from gauge theory 
(the gauge theory answer for k' = 1 and arbitrary k appears in ||2^; for k' > 1 the gauge 
theory predicts that there is no unbroken R symmetry except at specific values of Nf/Nc). 

The origin of the discrepancy is clear. The gauge theory analysis assumes finite sq, 
s'q which fixes already classically the R charge of X, X' and Q. The brane construction 
corresponds to infinite sq, Sq, in which case the corresponding classical gauge theory is 
invariant under three U{1) symmetries, only two of which are visible in the brane picture 
as rotations in ten dimensions. Therefore, in gauge theory there are in this case two 
non-anomalous t^(l)i? symmetries, only one combination of which is seen in the brane 
picture. 

7.2. Deformations and moduli space 

The simplest way to see that the configuration of branes constructed in the previous 
subsection indeed describes a gauge theory with the stated matter content is to match the 
deformations of the brane configuration with those of the gauge theory (|7.1| ). We start 
with the parameters corresponding to the locations of the NS and NS' fivebranes. 

Initially, the k NS fivebranes reside at the same point in the (x^, x^) plane. Displacing 
them to k different points aj = +ix^, j = 1, ■ ■ ■ , /c gives rise to many possible configura- 
tions, labeled by a set of non-negative integers (ri, ■ ■ ■ , rfc), with J2j = ^c- The integers 
Tj specify the number of fourbranes stretched between the j'th NS fivebrane, located at 
ttj, and the NS' fivebranes which we still take to be coincident. Since the N^. fourbranes 
end on the NS fivebranes, their locations in (x^, x^) follow those of the NS branes. On 
the worldvolume of the fourbranes one can think of the locations {aj} as determining the 
expectation value of the adjoint field X describing fluctuations of the fourbranes in the 
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(x^, x^) directions. It is thus clear how the parameters aj appear in the worldvolume gauge 
theory; there is a superpotential for the adjoint field X of the form: 



k 



W = y^ TrX'^+i-^ 7.4 

For generic {sj} the superpotential has k distinct minima {aj} related to the parameters 
in the superpotential via the relation: 

k k 
W'{x) = J2 =soY[{x- ttj) (7.5) 

j=0 3=1 

Vacua are labeled by sequences of integers (ri, ■ ■ ■ , r^), where ri is the number of eigenvalues 
of the matrix X residing in the /'th minimum of the potential V = \W'{x)\'^. Thus, the 
set of {vj} and {aj} determines the expectation value of the adjoint field X, in agreement 
with the brane picture. When all {aj} are distinct, the adjoint field is massive and the 
gauge group is broken: 

U{N,) U{ri) X U{r2) x ■ ■ ■ x U{rk) (7.6) 

The theory splits in the infrared into k decoupled copies of SQCD with gauge groups 
{U{ri)} and Nf fiavors of quarks. The brane description makes this structure manifest. 

The above discussion can be repeated for the parameters corresponding to the loca- 
tions of the k' NS' fivebranes in the {x'^,x^) directions. These k' complex numbers can 
be thought of as parametrizing the extrema of a polynomial superpotential in X' of order 
k' + 1, in complete analogy to ( |7.4| ) , ( [7.5|) . The only new element is that when we displace 
the k' NS' fivebranes in the (x'^, x^) directions leaving the Nf D sixbranes fixed, we make 
the quarks Q, Q massive, with masses of order {X'). This is the origin of the Yukawa 
coupling in the superpotential (the last term on the r.h.s. of (|7.1| )). 

One can also consider situations where both NS and NS' fivebranes are displaced in 
the (8, 9) and (4, 5) directions, respectively. There are then k x k' minima of the potential 
corresponding to all possible combinations of the k minima of the X superpotential and 
the k' minima of the X' superpotential. Vacua are labeled by integers „^ (/ = 1, ■ ■ ■ , /c, 
m = l,---,k') specifying the number of eigenvalues of X and X' that are in the Tth 
minimum of the potential for X and in the m'th minimum of the potential for X' (with 
Q = Q = 0). Clearly, J2i m ~ -^c- This is again in agreement with the brane picture, 
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where ri^^ is the number of fourbranes stretched between the Tth NS fivebrane and the 
m'th NS' fivebrane. 

Note that in analyzing the vacuum structure for k^k' > 1 we have assumed that 
we can diagonahze the matrices X and X' simultaneously. The theory seems to inherit 
this property from the = 4 supersymmetric theory on infinite fourbranes. There it 
can be understood in gauge theory as arising from a superpotential of the form W = 
Tt {X"[X, X']). Here, the field X" is infinitely massive and the mechanism for enforcing 
[X, X'] = is less clear. 

As another check of the brane theory - gauge theory correspondence, consider the 
Higgs moduli space of the theory. In the brane language, the counting is the following. 
Suppose 

N^ = km + l (7.7) 

where m, I are non-negative integers, and < I < k. As we have seen before, we have to 
study all possible ways to decompose the A''^ fourbranes into segments by splitting them on 
the D sixbranes, taking into account the s-rule. Since there are now k NS fivebranes, the s- 
rule allows k D fourbranes to stretch between them and any given D sixbrane. Taking this 
into account and repeating the analysis done for SQCD above, we find that the dimension 
of moduli space is 

m 

k J2 [2(^/ - i) + 1] + ^ [2(A^/ - m - 1) + 1] = 2NfNc - krn^ - /(2m + 1) (7.8) 

i=i 

In particular, it is independent of k' . 



To understand the counting directly in gauge theory it is convenient []22| to slightly 
deform the singularity ( [7.1| ) as in ( |7.4| ) (for both X and X'). For generic couplings and 
choices of vacua {i.e. the occupation numbers ri^rn defined previously) the theory describes 
k X k' decoupled SQCD systems, however, because of the QX'Q coupling in ( [7.1|) at most 
k of them contain massless quarks. Thus, the moduli space we are looking for is that of k 
decoupled SQCD systems with gauge groups f/(rj), j = 1, ■ ■ ■ , /c and Nf fiavors of quarks. 
We know from subsection 5.1 that the dimension of this moduli space is: 



k k 

^ ^ /"O AT _^ nAT^AT \ ^ ^2 



(2iV;r,-rJ)=2iV^Ar,-5^rJ (7.9) 



We should choose the degeneracies rj to maximize ([7.9|). It is easy to see that the largest 
dimension is obtained by taking / of the rj to be equal to m -|- 1, and the remaining k — I 
to be equal to m (/ and m are defined by ([777|)). Substituting in ([T^), one finds that the 
dimension is equal to that deduced from the brane counting ([TSl). 



36 



1.3. The magnetic theory and duality for k > 1, k' = 1 

The magnetic brane configuration consists in this case of an NS' fivebrane connected 
by Nc = kNf — Nc fourbranes to a cluster of k coincident NS fivebranes on its right, and by 
k fourbranes to each of Nf D sixbranes on its left. The low energy theory on the fourbranes 
stretched between fivebranes is a U{Nc) gauge theory with an adjoint superfield Y coming 
from 4-4 strings connecting fourbranes of the first kind, Nf fundamental fiavors of quarks 
Qi, q"^ {i = 1, ■ ■ ■ , Nf) coming from 4-4 strings connecting fourbranes of the first kind to 
those of the second kind, and k magnetic meson fields Mj [j = 1, ■ ■ ■ , /c), each of which is 
an Nf X Nf matrix, coming from 4-4 strings connecting fourbranes of the second kindS. 



This theory has been shown in to be dual to the electric theory described above. 
Its superpotential is 

k 

= Y+l^^^^^ + Y,MjqY''-'q (7.10) 

where sq = — sq, and we have set a scale to one. The analysis of deformations is similar 
to that described for k = 1 in section 5.2 and will not be repeated for this case. The 
classical moduli space is kNj dimensional. In the gauge theory it corresponds to setting 
q = q = Y = and turning on arbitrary expectation values for the singlets Mj. In the 
brane configuration, since there are k fourbranes connecting the NS' fivebrane to each of 
the Nf sixbranes, one simply gets k copies of the moduli space of the magnetic theory 
described in section 5.2. 

It is easy to generalize the discussion of duality in sections 5, 6 to /c > 1. By turning 
on a relative separation between the k NS fivebranes and the NS' fivebrane, which again 
corresponds to a FI D-term for ^7(1) C U{Nc), one enters the Higgs phase in both the 
electric and magnetic theories, with the gauge group completely broken. The electric 
and magnetic Higgs branches, both of whose dimensions are given by ( [7.8| ), are then seen 
to parametrize the same space; as in section 5, they are related by a smooth change in 
the scale of the theory, and are therefore identified. Duality relates the theory with Nc 
colors to one with kNf — A^^ colors essentially because the electric configuration contains 
k fivebranes which are not parallel to the D sixbranes. 



There seem to be kNf x kNf strings of this sort at the origin of moduli space, corresponding 
to (kNf)'^ massless fields, but this is misleading. At a generic point in moduh space we will see 
momentarily that there are kNj massless meson fields Mj. 
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As one approaches the origin of the Higgs branch by switching off the D-term, classical 
physics is smooth in the electric theory, while in the magnetic one the dimension of moduli 
space jumps from ( |7.8| ) to kNj. A straightforward extension of the analysis of section 6 
reveals that quantum mechanically, due to the attraction between fourbranes of the first 
and second kinds one does not have access to the full kNj dimensional classical moduli 
space, but only to the subspace whose dimension is given by (|7.8|) that connects smoothly 
to the electric description. This establishes the equivalence between the two theories. 

7.4- The magnetic theory and duality for k = 1, k' > 1 

The magnetic brane configuration consists in this case of k' NS' fivebranes connected 
by Nc = Nf — Nc fourbranes to an NS fivebrane on their right, and by a single four brane 
to each of Nf D sixbranes on their left. The low energy theory on the fourbranes stretched 
between fivebranes has a U{Nc) gauge group and an adjoint superfield Y' coming from 4 
- 4 strings connecting fourbranes of the first kind, and Nf fundamental flavors of quarks 
Qi, (i = 1, ■ ■ ■ , Nf) coming from 4-4 strings connecting fourbranes of the first kind to 
those of the second kind. 

The adjoint field and the quarks are further coupled to a single magnetic meson field 
M, which is an Nf x Nf matrix, coming from 4-4 strings connecting fourbranes of the 
second kind. The superpotential is: 

= ^^A_Trr''+' + qY'q + Mqq (7.11) 

The discussion of moduli space of vacua and deformations of this theory is similar 
to previous cases and will be skipped. Its relation to the electric theory of section 7.1 is 
an essentially known result in gauge theory. It follows from the duality of ||2^ by turning 
on a particular perturbationlil; for completeness we review the gauge theory derivation 
in appendix A. There is one slight subtlety in the comparison to gauge theory, which we 
discuss in the Appendix, having to do with the question of whether s'q is finite or not. For 
finite s'q, gauge theory predicts that all magnetic mesons in the dual U{Nf — Nc) gauge 
theory are massive. As Sg ^ oo we show in the Appendix that one magnetic meson comes 
down to zero mass, in agreement with the brane picture. 

As explained previously, we can study theories with finite s'q, by rotating the stack of 
NS' fivebranes in the {v, w) plane. The picture that arises is in complete agreement with 



For k' = 2 this perturbation has been analyzed in gauge theory in |4C]. 
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the gauge theory discussion. If the NS' fivebranes are not paraUel to the D sixbranes, the 
fourbranes of the second kind that stretch between them are rigid, and hence the magnetic 
meson M becomes massive. In that case, the duality one finds is just that familiar from 
gauge theory. 

7.5. The magnetic theory and duality for k,k' > 1 

In the general case, the magnetic brane configuration consists of k' NS' fivebranes 
connected by Nc = kNf — Nc fourbranes to k NS fivebranes on their right, and by k 
fourbranes to each of Nf D sixbranes on their left. The low energy theory on the fourbranes 
stretched between fivebranes has a U {Nc) gauge group and two adjoint superfields Y, Y' 
coming from 4-4 strings connecting fourbranes of the first kind, N j fundamental flavors 
of quarks g^, [i = 1, ■ ■ ■ , N f) coming from 4-4 strings connecting fourbranes of the 
first kind to those of the second kind, and k magnetic meson fields Mj (j = 1, ■ ■ ■ , /c), each 
of which is an A^^- x A^^- matrix, coming from 4-4 strings connecting fourbranes of the 
second kind. The superpotential is: 

_ k 
Wm = 7:^Try'=+i + -^Try''='+' + qY'q + V M^qY^-^q (7.12) 

In addition, there is a constraint that enforces [Y, Y'] = 0, which as in the electric theory 
is not fully understood. 

This duality with two adjoint fields is not known in gauge theory. It would clearly be 
interesting to complete its analysis; this is left for future work. 



8. Theories with SO and 5"^ groups: I 

In this and the next section we briefiy discuss the generalization of the results of 
sections 5 - 7 to other classical groups. We start in this section by discussing a configuration 
of branes near an orientifold fourplane (which we will denote by 04); in the next section 
we will describe configurations including an orientifold sixplane (06). Both constructions 
give rise to orthogonal and symplectic groups, depending on the choice of the orientation 
projection; in general they differ in the field content. Theories with SO and Sp gauge 
groups have been also studied recently in [|19|,pO,ffT . 
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8.1. SO{N^) 

The electric theory corresponds to the foUowing brane configuration. There is an 
orientifold plane 04 with a single NS' fivebranellll which is stuck at the orientifold (it 
cannot move in the (x^, x^, x^) directions because it does not have an 04-mirror partner). 
To the left of the NS' fivebrane in the direction there are k NS fivebranes and their k 
mirror images, as well as a single NS fivebrane which does not have a mirror and, therefore, 
is stuck at the orientifold. The NS fivebranes are connected to the NS' fivebrane by a total 
of 

k 

N, = ro + 2j2rj (8.1) 

D fourbranes; tq fourbranes end on the single NS fivebrane which is stuck at the orientifold. 
Vj fourbranes end on the j'th NS fivebrane, j = 1, /c; their Vj mirrors end on the 04- 
mirror partners of the NS fivebranes. We also place Nf D sixbranes and their Nf 04-mirror 
partners between the NS and NS' fivebranes. 

The worldvolume dynamics on the D fourbranes describes at long distances a four 
dimensional = 1 supersymmetric gauge theory with gauge group SO{Nc)^ 2Nf quarks 
in the vector representation, and a field X in the adjoint representation. The superpotential 
is 

As in section 7, all the couplings {s2j} should be thought of as tending uniformly to infinity. 
Note that: 

1) The addition of the 04 plane does not change the number of unbroken supercharges. 
Therefore, our configuration describes at low energies a four dimensional = 1 
supersymmetric gauge theory. 

2) There are ^NdNc-l) open string sectors connecting different D fourbranes and their 
mirrors. These correspond to the dimS'O(A^c) = \Nc{Nc — 1) vector multiplets on 
the worldvolume of the D fourbranes. 

3) The 4-6 strings connecting the Nf D sixbranes and their Nf mirrors to the N^. 
D fourbranes describe 2Nf chiral multiplets in the fundamental representation of 

As in section 7, one can study the generalization to fc' > 1 NS' fivebranes; we will not consider 
it liere. 
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SO{Nc). The Sp{Nf) gauge symmetry on the D sixbranes corresponds to an Sp{Nf) 
global symmetry of the low energy theory on the worldvolume of the D fourbrane^^. 

4) As before, a fourbrane stretched between the NS and NS' fivebranes can break on D 
sixbranes into pieces with a relative splitting in the (x^, x^, x^, x^) directions. This 
corresponds to turning on Higgs expectation values for the quarks. The dimension of 
the Higgs moduli space can be obtained, as in section 5.1, by counting the number of 
all possible breakings. For 2k + 1 — 1 and Nc = 2r, the result is 

r 

J2 {2 [2A^/ - (2/ - 1)] + 1} = 2Nf{2r) - r(2r - 1) (8.3) 

1=1 

For Nc = 2r + 1 the result is 

r 

{2 [2Nf - {21 - 1)] + 1} + 2{Nf -r) = 2Nf{2r + 1) - r(2r + 1) (8.4) 

In (|8.3|) , (|8.4| ) we use the fact that there are two massless complex scalars parametrizing 
fluctuations of a D fourbrane stretched between two D sixbranes as well as between a 
D sixbrane and its mirror. Moreover, the s-rule allows a D fourbrane and its mirror 
to connect the NS fivebrane only with a single D sixbrane and its mirror. The extra 
term in ( |8.4D is due to the D fourbrane which does not have a mirror partner when 
Nc is odd. Equations (fj.3D, ( fj.4D are in agreement with the gauge theory analysis. 

5) As before, relative positions of the NS and NS' fivebranes in the x^ direction play the 
role of FI D-terms in the gauge theory on the fourbranes. 

6) For generic values of the couplings {s2j} in (|8.2| ), the bosonic potential V ~ has 
2k + 1 minima: one at the origin, and k paired minima at {ia-,}: 

k 

Vr'(x) = sox JJ(x2 -a|) (8.5) 

If ro eigenvalues of X sit at zero, and rj eigenvalues sit at ±aj, the gauge symmetry 
is spontaneously broken: 

SO{Nc) ^ SO{ro) X U{ri) x ■ ■ ■ x U{rk) (8.6) 



The maximal flavor symmetry of SO{Nc) with 2Nf quarks is SU{2Nf); here we only see 
an Sp{Nf) subgroup. This is similar to the U{Nc) case, where the flavor symmetry seen by the 
brane configuration is the diagonal SU{Nf) subgroup of the SU{Nf) x SU{Nf) maximal global 
symmetry, as discussed in section 5. 
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The only massless matter near the minimum at the origin is 2Nf fundamentals of 
an SOiro) gauge group; the non zero minima {aj} correspond to SQCD with gauge 
group U (rj) and Nf quarks in the fundamental representation. Thus, for generic {aj}, 
the model describes at low energies 1 + k decoupled supersymmetric QCD theories 
with gauge groups S'O(ro) and U{rj), respectively ( p.6| ). In the brane description, 
{a-,} correspond to locations in the {x^^x'^) plane of the k NS fivebranes that are 
free to leave the orientifold plane. The parameters {vj} correspond to the number 
of fourbranes attached to the different NS fivebranes (see (|8.1| )). Separations of the 
k fivebranes in (x^, x^) correspond to changing the couplings and FI D-terms in the 
U{rj) factors in ( |8.6| ). The rest of the analysis follows closely that of section 7. 

7) The distance in the {x'^,x^) directions between the NS' fivebrane and the Nf D 
sixbranes determines the masses of the 2Nf chiral multiplets. Due to the 04-mirror 
reflection in the (a;*, x^) directions, the same mass is given to pairs of quarks: a quark 
and its mirror image. 

8) R-charge: the inclusion of an orientifold four plane does not change the discussion of 
the classical /^-symmetries presented in section 5. However, to consider the nonanoma- 
lous R symmetry of quarks, we need to discuss charges of branes and orientifolds. An 
orientifold fourplane has —1/2 times the charge of a physical D four brane (see section 
2). Therefore, if we normalize the charge of a D fourbrane and its mirror partner to 
be +1 (so that the total charge of a physical D fourbrane is +2), the charge of an 04 
is —1. When one places NS and/or NS' fivebranes on top of the orientifold, the 04 



charge fiips sign each time it crosses an NS or an NS' brane in the x direction |^ 
Therefore, it looks on the fivebrane as a source of charge —2, and hence it contributes 
to the bending discussed in section 6.1. Repeating the analysis there one finds that 
the location of the NS fivebrane in the s plane is described by 

S5 = i?io(2iV^-iV, + 2)ln^ (8.7) 

while the location of the NS' fivebrane is described by 

S5/ = i^io (iVc - 2) In w; (8.8) 

The unbroken i?-symmetry is the one under which 
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is invariant. It is not difficult to check that the R charge of Q under this symmetry is 
Bf = 1 — {Nc — 2)/2Nf, in agreement with the gauge theory answeJil 03- 
This concludes the discussion of the electric theory and its description in terms of brane 
dynamics and gauge theory. 

To find the magnetic theory we follow the discussion of section 5.3. Consider first 
the case 2k + 1 = 1. The single NS fivebrane is stuck on the orientifold, and can no 
longer avoid crossing the NS' fivebrane when it approaches it in x^. This is potentially 
problematic since to demonstrate Seiberg's duality on the classical level we want, as in 
section 5.5, to embed the electric and magnetic theories in a single smooth moduli space 
of vacua. 

We propose that the lesson one should draw from the analysis of section 5 is the 
following. The process of moving an NS fivebrane through an NS' fivebrane is smooth 
if and only if the "linking number" on each fivebrane is conserved, without reconnecting 
branes. This linking number ^ is defined in the presence of 04 planes of charge Q{04) 
by: 

Ins = 1{Rd6 - Ld6) + {Lda - Rda) + Q{OA){Loa - Roa) (8.10) 

where Ldq {Lqa) [Lda] is the number of D sixbranes (04 planes) [D fourbranes] to the 
left of the NS fivebrane and, similarly, Rdq {R04) [Rd4] is the number of D sixbranes 
(04 planes) [D fourbranes] to its right. When the NS fivebrane is to the left of the NS' 
fivebrane it sees an 04 plane of charge +1 on its left and an 04 plane of charge —1 on its 
right, therefore, the contribution of the 04 plane to the linking number is +2. Similarly, 
the contribution of the 04 plane to the linking number of the NS' fivebrane is —2. 

To allow a smooth transition one should neutralize this difference, by putting two 
of the Nc D fourbranes on top of the orientifold plane. In addition, one must break the 
remaining Nc — 2 fourbranes on D sixbranes, and enter the Higgs branch. In this situation, 
there is no obstruction to smoothly vary the separation between the two fivebranes in , 
and one can continue the discussion as in section 5. 

The magnetic theory, obtained by smoothly passing the NS fivebrane through the NS' 
fivebrane and approaching the root of the Higgs branch, is an SO{2Nf — Nc + 4) gauge 



15 



In the context of A*" = 2 supersymmetric brane configurations, equation ( |8.7| ) can be used to 
generalize the brane calculation of |36] of the /3 function of A'' = 2 SQCD to the other classical 
groups. 
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theory with 2Nf quarks and a magnetic meson field M representing the electric bilinears 
M = QQ, coupled to the magnetic quarks via a Yukawa interaction. 

For general k the analysis is similar. One can either repeat the previous discussion 
2k + 1 timeS, or remove k pairs of NS fivebranes from the orientifold plane (breaking the 
gauge symmetry as in (|8.6| )), and repeat the discussion of section 5. 

After all the 2k + 1 fivebranes cross to the other side of the NS' fivebrane we obtain the 
magnetic brane configuration, in which the 2k + 1 NS fivebranes are connected to the NS' 
fivebrane by {2k + l)2Nf — Nc + 4 fourbranes, and the NS' fivebrane is further connected 
by {2k + 1) X 2Nf D fourbranes to the Nf D sixbranes and their Nf mirrors. This is the 
magnetic description of the original theory: 

1) The gauge group on the fourbranes worldvolume is Gm = SO{Nc)^ where 

N^ = {2k + l)2Nf - Nc + 4: (8.11) 

2) The fourbranes connecting the D sixbranes to the NS' fivebrane give rise to magnetic 
meson fields {Mj)fg, j = 0, • ■ • , 2/c, f,g = 1, ■■■,2A^j, coming from 4-4 string 
configurations invariant under the orientifold projection. Mj is in the Nf{2Nf — 1) 
(A^/(2A^j-+l)) dimensional antisymmetric (adjoint) representation of the Sp{Nf) fiavor 
symmetry for odd (even) j. 

3) As in the electric theory, the locations of the NS fivebranes in the magnetic theory 
are encoded in a polynomial magnetic superpotential for an adjoint superfield Y, 
corresponding to 04-invariant 4-4 strings describing fiuctuations of the fourbranes 
in the {x^,x^) directions. 

4) The couplings of the magnetic mesons Mj to the magnetic quarks q and to the mag- 
netic adjoint Y are as expected. The full magnetic superpotential is: 

k ^ 2k 

= E ^777:Tl^Try2(^+i-.) + V M,qY^^-^q (8.12) 



Noting that each time an NS fivebrane crosses the NS' fivebrane the magnetic charge between 
the remaining NS fivebranes and the NS' fivebrane fiips sign. 
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8.2. Sp{N^) 

To obtain an Sp{Nc) gauge group instead of an SO{Nc) one, all we have to do is 
to change the sign of the orientifold charg [|T9| , [20| , p| ■ Symmetric 04- projections are 
interchanged with antisymmetric 04-projections and, therefore, in particular, we are forced 
to place a total even number of D fourbranes: Nc D fourbranes and their Nc 04-mirrors. 
In the presence of Nf D sixbranes and their Nf mirrorslll, and with 2k + 1 NS fivebranes, 
the electric theory is an = 1 supersymmetric Sp{Nc) gauge theory with 2Nf chiral 
multiplets in the fundamental representation, and a field X in the adjoint representation 
of Sp{Nc) with a superpotential (|8.2D . To obtain the magnetic theory, we follow similar 
steps to subsection 8.1, and obtain the dual theory with superpotential ( |8.12| ). Here we 
shall present only some of the main differences between the Sp and SO projections: 

1) The dimension of the Higgs moduli space is obtained by counting all possible breakings 
of D fourbranes on D sixbranes. For 2/c + 1 = 1 the dimension is: 

J]{2 [2Nf - 21] + 1} = 2{2Nf)Nc - N^{2Nc + 1) (8.13) 
1=1 

The differences between equations (|8.13[ ) and (|8.3| ) are that here the total number of 
D fourbranes and their 04-mirrors is 2Nc, thus r in (|8.3|) is being replaced by and 
the 2Z — 1 in ( |8.3| ) is replaced by 21 because the antisymmetric projection eliminates 
one combination of the motions of fourbranes stretched between sixbranes. 

2) For generic values of the {aj} in ( ^.5|) , the bosonic potential V ~ has 2k + 1 
distinct minima: one at the origin, and k pairs at ±aj. If 2ro eigenvalues of X sit at 
the origin, and r-, sit at ia-,-, the gauge symmetry is spontaneously broken: 

SpiN,) ^ Sp{ro) X U{ri) x ■ ■ ■ x U{rk) (8.14) 



A simple way to see that D fourbranes near an 04 plane can give rise to both orthogonal 
and symplectic gauge groups is to consider two fivebranes attached to an 04 plane stretched 
around a circle of finite radius in the direction. 2Nc fourbranes are stretched between the 
two NS fivebranes on one side, and 2Nf are stretched on the other. This configuration preserves 
N = 2 SUSY; if on the 2Nc fourbranes of the first kind the gauge symmetry is SO{2Nc), N = 2 
SUSY requires that the global symmetry due to the presence of Nf fundamental hypermultiples is 
SP{Nf). But this global symmetry is the gauge symmetry on the fourbranes of the second kind. 
This implies that the charge of the 04 plane flips sign when one passes through an NS (or NS') 
fivebrane. A similar sign ambiguity appears for the 06 plane, to be discussed in section 9; it can 
be seen by a simple generalization of the above construction. 

An odd number of sixbranes leads to a theory with a global anomaly. 
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This is clearly seen in the brane description. 
3) R-symmetry: following the discussion in sections 6.1, 8.1, we find that quantum me- 
chanically, the location of the NS fivebrane in the s plane is described by 



S5 = 2Rio{Nf -N^~l)\nv (8.15) 
while the location of the NS' fivebrane in the s plane is described by 

=2Rio{Nc + l)lnw (8.16) 
The unbroken i?-symmetry is the one under which 

s, - = -2i?ioln {w^^+\^^+^-^f) (8.17) 
is invariant. The R charge of Q is S/ = 1 — (A'^c + 1) /Nf, in agreement with the gauge 



theory answer |2f: 



4) The single NS brane, which is stuck on the orientifold, can only cross the NS' brane 
smoothly if we neutralize the charge difference between both sides of the NS brane 
and the NS' brane. In the Sp case, the charge of the part of the orientifold between 
the NS and NS' branes is +1, while that outside is —1. To compensate the difference 
one can do one of two things: a) modify the electric brane configuration, by replacing 
two physical D sixbranes by two pairs of semi-infinite fourbranes, one stretching to 
the right of the NS' fivebrane, the other to the left of the NS fivebrane. The charge 
everywhere along the orientifold is now -fl, and the discussion proceeds as above; 
b) create a pair of a D fourbrane and a D anti-fourbrane together with their mirror 
partners. Now, the two anti-fourbranes can neutralize the charge difference along the 
orientifold. After the NS branes cross the NS' brane, the anti-fourbranes annihilate 
with D fourbranes, leaving a supersymmetric configuration. One may regard such 
anti-fourbranes as virtual. 
The magnetic theory one finds in this case is an Sp{Nc) gauge theory with 

Nc = {2k + l)Nf - (8.18) 



in agreement with [26 . The matter content and interactions arising from the brane con- 



struction agree with the field theory studies. 
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9. Theories with Sp and SO groups: II 

SO and Sp gauge groups with somewhat different matter content can be constructed 
using an orientifold sixplane0 (06). Consider an electric brane configuration, containing 
an 06 plane with an NS' fivebrane embedded in it. To the left of the 06 plane in the 
direction, there are k NS fivebranes connected to the NS' fivebrane by Nc D fourbranes. 
We also place Nf D sixbranes between the 06 plane and the stack of NS fivebranes. 

All branes except the NS' fivebrane have "06-mirrors" . In particular, the k NS five- 
branes have k 06-mirror images which can leave the orientifold plane in pairs. The NS' 
fivebrane cannot be removed from the 06 (and as in section 8, we will not consider con- 
figurations with more than one NS' fivebrane). 

The fourbrane worldvolume dynamics describes at long distances an Sp{Nc) super- 
symmetric gauge theory with 2Nf chiral multiplets in the fundamental representation and 
an antisymmetric tensor X in the Nc{2Nc — 1) dimensional representation of Sp{Nc), with 
a superpotential 

k 

W, = y ^TrX^'^+i-^) (9.1) 

As in section 8, one notes that: 

1) The orientifold 06 does not break any additional supercharges. Therefore, the con- 
figuration has four unbroken supercharges, and it describes at low energies a four 
dimensional = 1 supersymmetric gauge theory. 

2) There are 4-4 string sectors corresponding to gauge multiplets of the U{Nc) 
subgroup of Sp{Nc). In addition, there are Nc{Nc + l) sectors, connecting a fourbrane 
on one side of the orientifold with a fourbrane on the other side of the orientifold, which 
are invariant under the Z2 orientifold projection. Altogether, there are Nc{2Nc+l) 06- 
invariant 4-4 string configurations, corresponding to the dim Sp{Nc) = Nc{2Nc + 1) 
gauge multiplets on the worldvolume of the D fourbranes; the gauge group is Sp{Nc). 

3) The 4-6 strings streched between the Nf D sixbranes and the Nc D fourbranes 
describe 2Nf chiral multiplets in the fundamental representation of Sp{Nc). The 
SO{2Nf) gauge symmetry on the D sixbranes corresponds to an SO{2Nf) global 
symmetry of the low energy theory on the worldvolume of the D fourbranes. 

It is interesting that pure SYM theories with gauge groups Sp{Nc) and SO{Nc) may be 
obtained from geometrically different brane configurations, e.g. ones with 04 or 06 planes. This 
may be interpreted as an infrared duahty in the space of brane theories. 
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4) As before, it is possible for a fourbrane stretched between the NS and NS' fivebranes 
to break on D sixbranes into pieces with a relative splitting in the (x^, x^, x^, x^) 
directions. This corresponds to turning on Higgs expectation values for the quarks. 
To obtain the whole Higgs muduli space, we need to locate the Nf D sixbranes and 
their 06-mirrors at the orientifold plane. Now, the counting of all possible breakings 
gives for k — 1: 

5^[4(iVy - + 1] = 4iVjiV, - N,{2N, + 1) (9.2) 
1=1 

The result ( p.2| ) agrees with the counting in gauge theory. 

5) One can again describe the deformations of the superpotential (PTT|), {sj}, by dis- 
placing NS fivebranes in the {x^,x^) plane. For generic values of the {sj} the gauge 
symmetry is spontaneously broken: 

Sp{N,) ^ Spin) X Sp{r2) X ■ ■ ■ X Sp{rk) (9.3) 

and the theory corresponding to the j'th minimum is SQCD with gauge group Sp{rj) 

and 2Nf fundamentals. 
The magnetic theory is obtained by going into the Higgs phase so that no fourbranes 
connect the NS fivebrane to the NS' fivebrane, and then moving the NS fivebrane through 
the NS' fivebrane in the direction. The only new element in the discussion is the fact 
that as the NS fivebrane passes through the NS' fivebrane it also meets the 06 plane. 
This process is smooth: as we saw in section 2 the 06 plane behaves like a D sixbrane; its 
charge is —2 times the charge of a physical sixbrane. 

Thus it is reasonable to expect that when the NS fivebrane passes the 06 plane with an 
NS' fivebrane embedded in it, two of the fourbranes connecting it to the D sixbranes recon- 
nect to the NS' fivebrane and stay on the orientifold. This is consistent with conservation 
of the "linking number" of which reads in the presence of orientifolds: 

Ins = -{Rdg — Loe) + {Loe — Roe) + {LdA: — Rda) (9.4) 

where L^q, {Log) [Ld4] is the number of D sixbranes (orientifolds 06) [D fourbranes] to 
the left of the NS fivebrane and, similarly, Rd6 [Roe) [Rda] is the number of D sixbranes 
(orientifolds 06) [D fourbranes] to its right. 

An alternative description of the process of moving an NS fivebrane through an orien- 
tifold which leads to the same conclusion is to say that since the 06 plane has the opposite 
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charge to two D sixbranes, when an NS brane crosses an 06 plane, two D anti-fourbranes 
are generated connecting the NS fivebrane with the NS' fivebrane embedded in the orien- 
tifold six plane. After the NS brane passes the orientifold, these anti-fourbranes annihilate 
two fourbranes stretched between the NS and NS' branes. 

After all the k fivebranes cross to the other side of the orientifold we obtain the 
following final brane configuration. The k NS fivebranes are connected to the NS' fivebrane 
by k{Nf—2)—Nc fourbranes. The NS' fivebrane is further connected by kxNf D fourbranes 
to the Nf D sixbranes. This is the magnetic description of the original theory: 



1) The gauge group on the worldvolume of the fourbranes is Gm = Sp{Nc), where 

= k{Nf -2)-N, (9.5) 

2) There are k x Nf{2Nf — 1) magnetic mesons {Mj)fg, j = 1, k, f,g= 1, ...,2Nf, 
coming as usual from open strings connecting fourbranes of the second kind. 

3) The couplings of the magnetic mesons M to the magnetic quarks q and to the magnetic 
antisymmetric tensor Y are via the magnetic superpotential: 



So 



_rj^yfc+i ^ J2 MjqY''-^q (9.6) 



k+- 



Finally, if one flips the charge of the 06 plane one finds an electric theory corresponding 
to an SO{2Nc) gauge theory with 2A^/ quarks in the fundamental representation, and a 
symmetric tensor X with a superpotential (p.l|). Duality leads to a magnetic SO{2Nc) 
gauge theory, with 

= k{Nf + 2)~N, (9.7) 



in agreement with the field theory results [|25| 



10. Comments 

10.1. Quantum brane interactions 

Gauge dynamics and its realization in terms of configurations of branes leads one 
to deduce that branes that stretch between various other branes in general interact with 
each other quantum mechanically. In section ^.^ we have given a qualitative description 
of these interactions, and noted that they are repulsive for branes ending on the same 
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side of an NS' fivebrane and attractive otherwise. One can think of branes ending from 
the left (right) on an NS' fivebrane as corresponding to positive (negative) charges. It 
would be interesting to understand the precise form of the interaction between branes by 



generalizing the results of to systems with four supercharges, perhaps as a kind of long 
range Coulomb interaction. 

10.2. Seiberg's duality 

In gauge theory one distinguishes between two notions of = 1 duality. The weaker 
version is the statement that members of a dual pair share the same quantum chiral ring 
and moduli space of vacua, as a function of all possible deformations. In Seiberg's original 
work this statement has been proven for supersymmetric QCD. 



In generalizations of Seiberg's work {e.g. [ p2l - p7| ) it is often difficult to prove directly 
in gauge theory that the full chiral rings and moduli spaces of proposed duals agree, since 
to do that it is necessarry to understand the structure of the classical moduli space, as well 
as the full non-perturbative superpotential on it, both which are in general difficult tasks. 

The stronger, conjectured, version of duality asserts that the full infrared limits of 
the electric and magnetic theories coincide. The status of the strong duality conjecture in 
field theory is not clear. In particular, in general the chiral ring does not specify the full 
infrared conformal field theory. 

On a more qualitative level, in field theory it is not clear why the moduli spaces 
and chiral rings of members of a dual pair agree and, consequently, constructing duals of 
complicated theories is generally prohibitively complicated. The general structure seems 
quite mysterious. 

Embedding the problem in string theory sheds light on some of the above issues. 
Duality is translated into a statement in brane mechanics. It is likely that string theory 
and brane dynamics serve as a guiding principle for all gauge theory dualities. 

First, it leads to a derivation and better understanding [jl^ of "classical = 1 



duality", which is a consequence of quantum duality in situations where the non-abelian 
gauge symmetry is broken and quantum effects are weak in the infrared. 

One finds that the classical moduli spaces of both the electric and magnetic theories 
are embedded in (and provide different parametrizations of) a single moduli space of string 
vacua. This makes the relation between the two moduli spaces and chiral rings manifest. 
Furthermore, since both electric and magnetic gauge groups are broken, there is no strong 
infrared dynamics, and the above equivalence is not corrected quantum mechanically. 
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Near the origin of moduli space, the classical analysis of the space of brane configu- 
rations (or, equivalently, moduli space of vacua of the low energy gauge theories) leads to 
different structures on the electric and magnetic sides. However, in this situation strong 
quantum infrared dynamics has to be taken into account. In gauge theory it leads to a 
dynamically generated superpotential which lifts part of the classical moduli space. In 
string theory, quantum interactions between branes achieve the same. After these quan- 
tum effects have been taken into account, the electric and magnetic moduli spaces, and 
hence also the quantum chiral rings, coincide. 

The study of field theory duality in terms of branes is often more tractable than 
the corresponding gauge theory analysis. The calculation of quantum supcrpotentials is 
replaced by a few universal rules describing brane interactions. This provides a powerful 
tool for analyzing the quantum moduli space of vacua. 

The brane construction provides a proof of the fact that the quantum electric and 
magnetic moduli spaces and chiral rings agree. It is natural to ask whether it also shows 
the equivalence of the full infrared CFT's at the origin of moduli space. The answer to 
this question is not known; the issue is the following. 

In theories without exactly marginal deformations of the infrared conformal field the- 
ory (in which the IR fixed point is an isolated CFT) the leading effect of Lq, the distance 
between the NS and NS' fivebranes, on the infrared CFT is through its infiuence on the 
QCD scale A, which appears in the low energy effective action in the gauge field kinetic 
term (log A) J (P6W^. This term is irrelevant at long distances and, therefore, long distance 
physics does not depend on Lq. However, as the NS fivebrane passes the NS' fivebrane 
through the strong coupling region at Le = 0, it is apriori possible that there is a discon- 
tinuous jump in the physics. It might be that one can rule out such a jump by using the 
fact that one can go around the singularity by turning on a D-term. 

In theories with exactly marginal operators, in which there is a line of infrared fixed 
points, changes of Lq will in general couple to the moduli, and duality provides a map 
of the electric line of fixed points to the magnetic one. Apart from that, the previous 
discussion of full infrared equivalence is similar. 

10.3. Other brane configurations 

Among the many possible brane configurations preserving N = 1 SUSY in four di- 
mensions that were not discussed in this paper, an interesting class of examples is obtained 
by considering fourbranes stretched between NS and NS' fivebranes in the presence of D 
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sixbranes parallel to the NS' fivebranes and D' sixbranes which are parallel to the NS 
fivebranes. 

The brane approach allows the enumeration of the dimension of the moduli space 
of vacua for all possible orderings of D and D' sixbranes along the direction. As an 
example, consider the case of a single fourbrane stretched between an NS fivebrane and 
an NS' fivebrane in the presence of A^/ D sixbranes and A^ D' sixbranes between the two 
fivebranes. The dimension of moduli space depends on the ordering of the sixbranes, and 
ranges from 2(Aj- + Aj.) — 1 when all the D' sixbranes are to the left of all the D sixbranes, 
to 2(Aj) — 1 when Aj- > Ay and Aj D sixbranes and D' sixbranes alternate along the 
direction. 

It would be interesting to find the corresponding field theoretic effective potential 
accounting for this behavior. 

10. J^. Other theories 

The discussion in terms of branes is clearly general, and can be applied to other 
theories. 

1) N=2 in d=4 

In A = 2 supersymmetric gauge theories in four dimensions it can be used to prove the 
equivalence of Higgs branches of theories with different rank gauge groups, e.g. U{Nc) and 
U{Nf — Nc) gauge theories with Nf fiavors of quarks |14^J9|]. However, as one approaches the 
root of the Higgs branch, it is clear from both the classical and quantum brane constructions 
that (for Nf ^ 2Nc) there is a jump in the moduli space and chiral ring (defined by choosing 
an A = 1 subalgebra). Thus, the brane picture predicts that the theories at the origin of 
moduli space are not equivalent (unless Nf = 2 Ac). 

2) N=2 in d=3 

One can repeat the discussion of sections 5-9 for A = 2 supersymmetric gauge theories 
in three dimensions, using branes in type IIB string theory. For vanishing (or in general 
equal) real masses, the brane construction predicts that the dimensions of the electric and 
magnetic moduli spaces agree, but to achieve a more detailed understanding one needs to 
find the geometric realization of the fields W± introduced in equation ( ^^81) . The gauge 



theory analysis of this problem was recently performed in (see also [Q), where it was 
conjectured that the magnetic theory described by ( [4.8| ) is equivalent to the electric one. 
If one turns on different real masses, the electric and magnetic theories cannot agree, since 
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they have different Coulomb branches (see [39] and section 6). Therefore, it is unhkely 



that the fuU electric and magnetic infrared CFT's agree. The status of duality in these 
models remains to be understood. 

3) N=(2,2) in d=2 

It would be interesting to study the implications of the brane construction in two dimen- 
sional gauge theories, which can be obtained from our four dimensional construction by 
T-duality in (say) and x^. This may provide a connection to the construction of [p!7| . 



Note added: Related recent work appears in |145| - |47[] 
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Appendix A. A gauge theory analysis of the case k' > 1 

Consider an SU{Nc) gauge theory with a field X transforming in the adjoint repre- 
sentation and Nf fiavors of quarks Q\ Q^, coupled via the superpotentialS: 

W = -^IVA'^+i + V KQ.XQ' (A.l) 

In the presence of the superpotential ( [A.l| ) the nonanomalous global symmetry of the 
model is [U{l)]^f, all the symmetries being vectorlike. When all the are equal, the 
global symmetry is promoted to U{Nf). 

In the absence of the second term in the superpotential, the theory does not have 
a vacuum for Nf < Nc/k [|2^. The Yukawa coupling stabilizes the model, ensuring the 
existence of a vacuum for any Nf. To see that, deform the X dependent part of the 
superpotential ( |A.1D to: 

k-i 

W, = y" - — TrX''+^-' (A.2) 



k + l- i 

i=0 



Throughout this appendix we will replace k' by k to simplify the notation. 
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and study the theory for smaU, non- vanishing {sj}, using the fact that there is a 
vacuum for smaU non vanishing {sj} if and only if there is a vacuum for Sj = so5j,o- 
Generically, the bosonic potential V = has k distinct minima {aj}, z = 1, ■ ■ ■ , /c. If 

Vi eigenvalues of X are placed in the minimum at a^, the gauge symmetry is broken: 

SU{N^) SU{ri) X SU{r2) x ■ ■ ■ x SU{rk) x [U{l)f-^ (A.3) 

with "^Vi = Nc- From ( [A.l| ) it is clear that generically all quarks become massive; the 
mass of the i'th flavor in the SU{rj) colour group is rnf^ = XiUj. The theory reduces in 
the infrared to a direct product of SQCD's with massive quarks. Such vacua exist for any 
number of flavors. 

In order to understand the infrared behaviour of the model with the superpotential 
( |A.1|) we can use duality. The model with Xj = has a dual description based on the gauge 
group SU{kNf —Nc) |2^. We can consider the second term as a deformation of the electric 



theory and flnd its dual by adding the dual perturbation to the magnetic superpotential. 
This leads to the deformed magnetic superpotential: 



Nf 



w 



where sq = — sq, /U is a scale parameter, and Mj are gauge singlet mesons representing 
QX^~^Q in the magnetic theory. In the presence of the perturbation some of the fields 
gain a mass and we can integrate them out. To find the vacua of the deformed theory we 
solve the F-term conditions: 



q^PqJ =0; {p ^ k - 2) 

So 

,2 



^^Q.y'=-V=-A.5^' (A.5) 
Try'' =0 

In addition one has to satisfy the D-term conditions. 

Consider first the case when only one of the {A^}, say Ai, is different from 0. The 
solution of ( |A.5| ) is then: 

(A.6) 

y^"=65^_i; /3 = 2,---,A;-l 
{Mj)\ =0 
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A 1 

where b = [ ] ^ . The relative normahzations in ( |A.6| ) are fixed by the D-term conditions. 
Thus, the magnetic gauge group is broken to SU{kNf — Nc ~ k + 1). Expanding the 
superpotential ( [A .41 ) around the solution ( |A.6D we find that the magnetic meson fields 
{Mj)1, {Mj)l with a = 1, ■ • ■ , A^/, as weU as the fields g^, qf, for m = 2, /c - 1 and 
for n = l,2,...,A; — 2 become massive due to the Higgs mechanism. 
On the other hand Y^~^ and play a special role: expanding the term in 

( |A.4|) around ( |A.6|) gives rise to a term in the superpotential of the form: 



3^0 vk-2^rk-l^ra^f3 



which makes it clear that in this gauge, Y^ ^ and Yf represent a massless magnetic quark 
with a superpotential of the type ( |A.1|) with a magnetic Yukawa coupling, 

A. ^ (A.T, 

Repeating the procedure for all Nf flavors we obtain a magnetic theory with gauge 
group SU {Nf —Nc), Nf flavors of magnetic quarks q, q, and a magnetic superpotential W: 

W = -^TrF^+i + y Xiq^Yq' (A.8) 

k + 1 ^ 

1=1 

where A, = 

Since the leading coefficients of the beta function in the electric and magnetic theories 
are 2A^c — Nf with opposite signs, it is clear that the electric theory will have the following 
three regimes: 

a) Nf < Nc'. a super symmetric vacuum of the theory exists but the IR is trivial all the 
states being massive. 

b) Nc < Nf < 2Nc: the electric theory is dual to an infrared free magnetic theory. 
Therefore, the massless spectrum is given by the fields appearing in the magnetic 
lagrangian. 

c) Nf > 2Nc- the electric theory is infrared free and, therefore, the spectrum is given by 
the fields appearing in the electric lagrangian. 

We see that in the process of turning on the Yukawa couplings in the electric theory, all 



the magnetic mesons of become massive. At first sight this seems in contradiction with 
the fact that in the case k = 1 ( [A.l| ) reduces to SQCD, where it is known that a singlet 
magnetic meson M is necessary for duality. The resolution is that sq in ( |A.1| ) is in that 
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case a mass, so the electric theory is in fact SQCD perturbed by a quartic superpotential 
of the form ( [7.2| ), generated in the process of integrating out the massive field X. On 
the magnetic side this translates to a mass term for the magnetic meson M, which can 
therefore be integrated out, giving rise to a quartic superpotential in terms of the magnetic 
quarks, in agreement with the direct analysis of (|A.8|) . 

Thus, the fact that the equivalence between ( [A.l| ) and ( |A.^ ) does not require singlet 
mesons, relies crucially on the fact that the parameter sq is finite. For infinite sq in the 
case k = 1, the coefficient of the quartic electric superpotential (|7.2| ) vanishes and the 
magnetic meson of SQCD, M becomes massless again. 

For k > 1 one can repeat the same analysis; it is easy to see by deforming the X 
dependent part of the superpotential as in ( |A.2|) and using the previous result for SCQD 
that in the limit sq — * cxd one still needs only one magnetic meson, in agreement with the 
result we got from brane dynamics in the text. 
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